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PREFACE. 



Mathematical Sciences, above all others, delight us by 
the ease and cmrtainty with which they attain their object. 
He who habituates himself to a close examination of their 
fundamental principles, and of the mutual dependence and 
connexion of these principles, acquires a justness of con- 
ception, a conciseness of reasoning, and a^ strength of judg- 
ment, scarcely attainable by any other means. 

As Arithmetic may justly be considered the basis of ma- 
thematical science, the knowledge of Hs principles is an 
acquisition of great importance, and books in which those 
principles are clearly and fully developed, form a desideratum 
the want of which has long subjected both teachers, and 
students to much inconvenience; — the arithmetics in com-^^^ 
mon use being generally an assemblage of rules and examples 
without demonstration. The study of such rules is unin- 
teresting and wearisome ; and the scholar, after having com- 
mitted them to memory, and learned by their means, to 
perform arithmetical calculations, as it were, mechanically, 
^uits the study entirely ignorant of the principles upon which 
they subsist ; and if, as is often the case, he forgets these 
dogmas, he loses with them all the fruits of his labour. 
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ly PREFACE. 

On perusing the present work in the original, I was struck 
with the ease and perspicuity of the style, in which Bezout 
has developed the principles and demonstrated the different 
operations of arithmetic ; and from a full persuasion'that it 
would be a great relief to teachers, and amply reward the 
investigation of the industfioiis student, I determined upon 
its translation. In the execution of my design, I have 
endeavoured to keep as near to the original, as the genius 
of our language, and the adaptation of the work to the 
commerce of this country, would permit. The explanation 
of the signs made use of in the work, the elucidation of 
idnodecimals, some practical examples, and the insertion of 
the table of logarithms from one to ten thousand, instead of 
a small table from one to two hundred, are the principal 
augmentations which I have thought properto make. The 
text of Bezout is numbered according to the order which he 
established; and the parts marked with an asterisk, are 
the augmentations made by F. Feyrard, which form a very 
valuable addition to the elegant original. 

THE TRANSLATOR. 

J^eW'Yorky 1825. 
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BEZOUT'S ARITHMETIC. 



1. In general, every thing is called quantity^ which is sus- 
ceptible of increase srtid diminution. Extent, duration, weight, 
etc, are quantities. Every thing that is quantity is the object 
of the mathematics ; but arithmetic, which makes a part of 
these sciences, only considers quantities when they are ex^ 
pressed in numbers. 

S. Arithmetic is then the science of numbers : it considers 
their nature and properties ; and its object is to give easy 
methods for representing numbers, and for compounding and 
decompounding them; which is called calculating, 

3. To form an exact idea of numbers, we must first know 
what is understood by a unit. 

4. The unit is a quantity taken, in general, arbitrarily, to 
serve as a term of comparison to all* quantities of the same 
kind : thus when we say, a certain body weighs^ve pounds, 
the pound is the unit; it is the quantity to which we compare 
the weight of the body ; we might, with equal propriety, take 
the ounce for the unit, and then the weight of the same body 
would be signified by eighty. 

5. Number shows of how many units or parts of a unit a 
quantity is composed. 

If the quantity be composed of whole units, the number 
which expresses it is called a whole number; and if it be com- 
posed of whole units and parts of a unit, or simply of parts 
of a unit, then the number is called fraciional or fraction : 
three and a half is a fractional number ; threes-fourths is a 
fraction. Whole units are called integers. 

6. A number which we express without signifying the spe- 
cies of the units, as when we say simply three or three times, 
four or four times, is called an abstract number; and when we 
express at the same time the species of the units, as when we 
s^jfour books, three dollars, it is called a concrete number. 
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(i BEZOUT'S ARITHMETIC. 



OF NUMERATION AND DECIMALS. 

7. Xumeration is the art of expressing all numbers by a 
V limited number of names ^ and characters : these characters 

are called ^gwrc^. 

8. The characters made use of in numeration, and the 
names of the numbers which they represent, are as follows : 

cipher or anit, or 
nongnt one two three four fire six Beren eight nine 

123 456789 

To represent all other numbers with these ten characters, 
ten units are expressed by a single unit, and we count tens 
as we count the simple units, that is to say, we count two 
tens,' three tens, etc. as far as 9 : to represent these new units, 
we employ the same figures as for the simple units, but we 
distinguish them by the place which we make th^m occupy, 
in placing them on the left of the simple units. 

Thus, to represent^fy^our, which contains five tens and 
four units, we write 54. 

To represent sixiy^ which contains an exact number of 
tens and no units, we write 60, putting a cipher in the place 
of units, which shows that there are no simple units, and 
makes the figure 6 represent a number of tens. We can, by 
this means, count as far as ninety-nine inclusive. 

9. Let us remark as we go along, this property of nume- 
ration ; namely, that a figure placed on the left of another 
figure, or of a cipher, represents a number ten times as great 
as if it were alone. 

10. From 99 we count as far as nine hundred and ninety 
nine, in a similar manner. Of ten tens, we compose a single 
unit, which we call hundred^ we count hundreds from 
one to nine, and represent them by the same figures, but in 
placing these figures on the left of the tens. 

Thus, to express eight hundred and fifty -nine^ which num- 
ber contains eight hundreds, five tens, and nine units, we write 
859. If it were eight hundred and nine^ which contains eight 
hundreds, no tens, and nine units, we should write 809 ; that 
is to say, we should put a cipher in the place of the tens 
which are wanting. If the units were also wantii^, we 
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BEZOUPS ARITHMETIC. 7 

should put two ciphers : thus to express eigkt hmdrtdj we 
write 800. 

11. Let OS again remark, that a figure placed on the left of 
two others, or of two ciphers, expresses a number a hundved 
times as great as if it were alone. 

1% From nine hundred and ninety -nxne^ we can, by the 
saAie artifice, count as iar as nine thousand nine hundred and 
ninety-ninej in forming of ten hundreds a unit called thousand, 
counting these units as before, and representing them by the 
same figures placed on the leflt of the hundreds. 

Thus, to represent seven thousand eight hundred and fifty' 
hine, we write 7859 ; to express seven thousand and nine, we 
write 7009 ; and for seven thousand, we write 7000, where we 
see that a figure on the left of three others, or of three ciphers, 
expresses a number a thousand times as great as if it were 
alone. 

13. In continuing thus to include ten units of a certain 
order in a single unit, and to place ihcse new units in ranks 
more and more advanced towards the left ; we are able to 
express in a uniform manner, and with ten characters only, 
all the whole numbers imaginable. 

^ Or, we can represent all possible numbers with the ten 
following characters, which are called figures : 1, 2, 3, 4, 5, 
6, 7, 8, 9, 0. The nine first reprcbent one, two, three, four, 
five, six, seven, eight, nine ; the character 0, is called nought, 
And does not represent any number. 

To effect this, in proceeding from the right hand towards 
the left, the first figure is considered as representing units; the 
second, tens; the third, hundreds; the fourth, thousands; 
the fifth, tens of thousands ; the sixth, hundreds of thousands; 
the seventh, millions, etc. Also, is put in the place of the 
units, the tens, the hundreds, the thousands, the teas of thou- 
sands, the hundreds of thousands, the millions, etc. which are 
wanting in a number. 

It is evident, in effect, that with these ten characters we 
can represent all the whole numbers possible, since the fol- 
lowing numbers, one, two, three, four, five, six, seven, eight, 
-.;*.*» f«>n »i/>vf%n, etc. which, banning with a unit, go on in- 
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creasing by a unit to infinity, naay be expressed by these ten 
characters. 

14. To. read with facility a number expressed by any num- 
b^i^of figures at pleasure, we separate them into periods'^ of 
three figures each, proceeding from the right hand towards the 
left: we shall give to these periods the following names, be- 
ginning at the right hand, units, thousands, milltobs, billidnii, 
quadrillions, quintiilions, sextillions, etc. The first figure of 
each period (beginning always at the right) will have the 
ntime'of that period ^ the second, that of tens; and the third, 
that of hundreds. 

Thus, beginning at the left, we read each period as if it 
stood alone, and we pronounce at the end of each the name' 
of that same period ; for example, to read the following 
numj^r: 

qaadriUions trillions billions millions ^ thousands units 
23 456 789 234 565 456 

we say twenty- three quadrillions^ four hundred and fifty-six 
trillions^ seven hundred and eighty-nine billions^ two hundred 
and thirty«four millions^ five hundred and sixty-five thousands^ 
four hundred and fifty-six units. 

From what has been said above, knowing that there are 
three places of figures, that is to say, units, tens, and hun- 
dreds under each name, we can easily write down in figures 
any number which is expressed in words, by first writing the 
names of the different periods in succession, beginning with 
the highest name mentioned in the question, and terminating 
wjth the units, and then placing such figures under each name 
as the nature of the question requires ; for example, if it be 
required to write down in figures the following number, fifty 
' billions, thirty-two millions, five hundred and two thousands, 
six hundred and fifteen, I write the names of the different pe- 
riods, beginning with the highest name mentioned in the ques- 
tion, thus, 

Billions Millions Thonsands Units 

50 032 502 615 

then as the question requires fifty billions, I write 50 under 
billions, putting a cipher in the place of units, and leaving the 
place of hundreds vacant, because a cipher placed on the left 
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of tfae i would not at alt alter its value ; then as the (juesUoii 
requires thirty-two millioDs, I place 32 under millions, but J 
must not here leave tlie place of hundreds vacant &s 1 did 
under billions, for as the value of tlie 5 which stands under 
billions depends upon the number of places lo which it is re- 
moved towards the left, that omission would decrease its value 
ten-fold, I therefore write 032 under millions: again, as the 
question requires live hundred and two thousands, 1 write 503 
under thousands; and lastly, for the six hundred and tifteen, 
I write GIo under units, which completes the proposed num- 
ber. 

l>et the following numbers be expressed in figures. 

1. Four thousand six hundred and twenty. 

~. Fifty-six millions three hundred thousand and ten. 

3. Seventeen billions, fortv-tive millions, three thousand 

id four. 

.4. One hundred and six trillions, sixty-seven billions, 

'eoty-four thousand and sixty. 

5, Three hundred quadrillions, six trillions, seventy billioas, 
three hundred millions and sixteen. 

li. From the numeration which we have explained, and 
which is purely of agreement, it follows that as wc advance 
ffoin the right hand tnwards tlie left, the units of which each 
JSgtire is composed are ten times as great as they would be if 
the figure stood one place farther to the right ; and that, con- 
sequently, to render a number ten times, a hundred tiroes, a 
thousand times, etc. greater, we have only to put one, two, 
three, etc. ciphers on the right of its unit figure : on the con- 
trary, as we retrograde from the leil hand towards the right, 
the units in each figure are only one-tenth of what they would 
be if the figure stood one place farther towards the left. 

IG. Such is numeration; it is the basis of every other 
isethod of counting, although in many arls wc do not always 
count by tens, by lens of tens, etc. 

17. To estimate quantities less than the unit which wehavf 
chosen, we divide this into oUier smaller units. The numbei 
if them is indiHlerent in itself, provided Ihat wc (^an mcasm* 






d 



10 BEZOUT'S ARITHMETIC. 

the quantities we wish to measure ; but what we ought princir 
pally to have in view in these divisions, is to render the calcu- 
lations as commodious as possible ; for this reason, instead of 
dividing the unit at first into a great number of parts, in order 
to estimate the smallest, we first divide it only into a certain 
number of parts, and then subdivide these into others, and 
these again into smaller. Thus in money we divide the pound 
into 20 parts, which we call shillings^ the shilling into 1 2 parti, 
which we call pence, and the penny again into 4 parts, which 
we cM/arihings* In the same manner we divide the bushel 
into 4 pecks J the peck into 8 quarts, and the quart into 2 piniSj 
so that in the first case we count by fours, by twelves, and by 
twenties, and in the second by twos, by eights, and by fours* 

18. A number which is thus composed of parts related to 
different units, is called a compound number ; and on the 
contrary, that which contains* only one kind of unit, i» called 
a simple number. 8/. or 8 pounds is a simple number. SL 
1 75. 8 J., or 8 pounds, 1 7 shillings, and 8 pence, is a conapound 
number. 

19. Every art divides in its own way the principal unit 
which is chosen. The subdivisions of the acre are different 
from those of the year, and so on : we will explain these in 
treating of compound numbers. 

20. But of all the divisions and subdivisions which we can 
make of the unit, that which is made by decimals, that is to 
say, in dividing the unit into ten parts, and each of these into 
ten parts, etc., is incontestably the most commodious tn cal- 
culations. Decimals are much used in the practice of the 
mathematics, and their formation and calculation are abso- 
lutely the same as in ordinary or whole numbers, as will be 
explained. 

21. To estimate in decimals the parts less than the unit, 
we conceive that this unit, whatever it may be, pound, foot, 
etc. is composed of ten parts, as we imagine the shilling com- 
posed of 12 pence. These new units, in opposition to iens, 
are called tenths ; we represent them by the same figures as 
the simple units, and as they are ten times smaller than these« 
we place them on the right of the simple units. 
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But to prevent mistakes, and not to give occasion of taking 
the tenths for the simple units, it was agreed to fix the place 
of the units, once for all, by a particular mark : that whicli 
is most in use, is a comma placed on the right of the figure 
irhich repp'scnts the units, or, which is the same thing, be- 
tween the units and the tenths; thus to express twinlif-fonr 
vnits and three tenlhs, we write 24,3. 

32. We may at the same time actuaUy consider the tenth 
as units which have been formed nf ten others, each ten times 
smaller than the tenlks. and, for the same reason of analogy, 
place them oi. the right of the. tenths. These new units, ten 
times smaller than the tenths, will be a hundred times smaller 
than the principal units, and for this reason we shall call th«ni 
hundredihi. 

Thus, to express _(tDen(y-/our units, three tenths, zni five 
hwidredihs, we shall write 24,35. 

23. Let us also conceive that the hundredths are each 
led of ten parts; these parts will be a thousand times 
Her than the simple or principal units, and for this reason 

we shall call them thousandths ; and as they will be ten times 
smaller than the hundredths, we shall place them on the right 
of these. In continuing thus to subdivide by ten, we shall 
form new units, which we shall call successively (fn thou- 
sandths, hundred thousandths, millionths, ten miltiontin, /iu»- 
dred millionths, biliionths, etc., and which we shall place in 
ranks more and more advanced on the right of the comma. 

24. The parts of a unit which we have here described are 
those which are called decimals. 

25. As to the manner of reading them, it is the same as for 
whole numbers. After having read the figures which are on 
the left of the comma, we read the decimals in the same man- 
ner ; but at the end, we add the name of the decimal units of 
the last kind: thus, to read the number 34,572, we say 
thirty-four units and five hundred and seventy-two thou- 
sandths ; if they were feet, for instance, we should say thirty- 
four feet and five hundred and seventy-two thousandths of a 
foot. 

The reason of this is easy to perceive, if we observe that 
in the number 34,572, the figure 5 may be considered, either 
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AS five tenths^ or as fiv6 hundred thousandths, since the te&th 
(SI) is eqdal to ten hundredths, and the hundredth (3S) is 
equal to ten thousandths, the tenth will contain ten tiikies teft 
thousandths, or a hundred thousandths; therefore, the five 
tenths are equal to five hundred thousandths d For the same 
i^ason the figure 7 may be read seventy thousandths^ sidee 
(33) each hundredth is worth ten thousandths. 

S6. With regard to the kind of units expressed by the last 
d^eithal figute^ it wilLalways be easily found in conntitig sno 
cMively, iVom the left hand to the right, upon each figure friHn 
tb^ cbMttia the following names: tenths, hundredths, ihmt* 
sandths, ten thousandths, etc. 

St. }r th^re were no whole units, but only parts of a Unii^ 
We should put a cipher to hold the place of the units ; thlls^ 
to ^)(^ress one hundred and twenty-five thousandths, we should 
write 0,125. If we would express twenty-five thousandths^ 
We shoCild write 0,025, putting a cipher between the coftima 
ahd the other figures, as well to show that there are no tenths 
M to giv^ the oth(i^ parts their true value* Pof the tome 
reason j to expi^ess sil ten-thousandths, we write 0,0006. 

28k liet us now examine the changes which elm be made 
in a kiumber by displacing the comma. 

Since the comma determines the place of the Units, and 
since all. the other figures have their value depending upon 
their distance from this same comma, if we advance the 
comiha one, two, three, etc. places towards the left, we render 
th^ MiMber 10, 100, 1000, etc. times less ; and on the con* 
trary, we render it 10, 100, 1000, etc. times greater, if we re- 
ittove the cottHtoa one, two, three, etc. places towards the right. 

In effect, if we have 4337,5264, and if in advancing the 
comma one place towards the left, we write 433,75264, it is 
vilible that the thousands of the first number are hundreds in 
Ave nhif', the hundreds are tens ; the tens, units $ the «utts, 
tenths; the tenths, hundredths, and so on. Each figure, 
therefore^ has become ten times less by this remove* If, on 
Ihe contrary, in removing the comma one place farther to die 
right, we had'^ written 43375,264, the thousands of the first 
ilottibibT innM ^ave been changed to tens of thousands, the 
htmArtdk tothoitfBands^ the ten» to homdreds, the units to telns. 
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liie tenthi! to units, and so on. This new number is tbeo leD 
times greater than tile first. 

39. A eimilar reasoniDg shows that in adr&ncin^ towardB 
the led two or three places, we should hare rendered the 
numbera hondred or a thousand times less; and on the con> 
trary, a hundred or a thousand times greater, in reffloring the 
comma two or three places toward- the ri^bt. 

30. The last observation which we siutll liere make nptio 
decimals, is, that we do not alter their value in putting cm the 
right of the last decimal figure as mat>y ciphers a* we please. 
Thus, 43,25 is the same as 43,250, 43,2500, or 43.2*000, etc. 

For as each hundredth is equal to ten th-rwamilht or S hon- 
dred Un-tkousandths, etc., the twenty-five huiulrttln are equal 
to two hundred and fifty ikmimnt.ths or two thousand five 
JUtidrcd ttn-lkousandlks, etc. In one word, it is the wmc 
thing as when instead of sayiug 25 dollars, we lay 3&0 dimet, 
2500 cents, or 25000 mills. See table of federal Money. 

Op THE OPERATIONS OF ARITHMETIC. 

31. To add, to subtract, to muUiph. and to divide, are the 
four fundamental operations of anthnietic. All queitioiu re* 
lating to numbers require the practice of WMTie or all of tbcN 
operations. It is importarti, tbererorc: to render them fa- 
miliar, and perfectly to understand their nature. 

32. The intention of arithmetic is, ms we hiivc already wid, 
to furniBi) means for the easy calculation of numbers. Tbeie 
means consist m reducing the most complex nunbtrn to the 
most sinple, or those expressed by the least poasible tuiniber 
of figures. 

OF THE ADDITION OF WHOLE NCUBUtS AND DECIMAL fSHTt. 

33. To express the total value of several nuoibers by a 
single Buoiber, is what is called pcTfarmtng an addtUon. 

When each of the numbers which me prupo«e to atld con- 
sists of only one tigure, we luve ao need of a rulej hul wbeu 
there are many figures, we find their total value which we 
call their sum, by observii^ ibe li>llowii>g rule. 

Write the auiaberB under eacb other, so that the unit 
figiuM may be uadereach other in one rertical coluino ; let 
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tte tens be under tens, the hundreds under hundreds) etc* 
Draw a line underneath. 

First, add all the numbers which are in the column of units : 
if the sum do not exceed nine, write it under that column ; if 
it exceed nine, it will contain ten or a number of tens ; write 
underneath only the excess above the number of tens it con- 
tains : consider these tens as so many units, and add them to 
the next column or column of tens : observe with regard to 
the sum of the numbers in this second column, the same rule 
as for the sum of the first, and continue thus from column to 
column to the last, under which write the whole amount of 
that column. Let us explain this rule by examples. 

Example I. 
Required the sum of the numbers 54925 and 2023 : I write 
the numbers as here seen . • - - 54925 

2023 



56948 sum. 

And having drawn a line underneath, I begin with the 
units, and say 5 and 3 are 8, which I write under the same 
column. 

I then proceed to the column of tens, saying 2 and 2 are 4, 
which I write underneath. 

In the column of hundreds, I say 9 and are 9, which I 
write underneath. 

In the column of thousands, I say 4 and 2 are 6, which I 
write under that column. 

Lastly, in the ^lumn of tens of thousands, I say 5 and 
are 5, which I write likewise underneath. 

The number 56948, found by this operation, is the sum of 
the two proposed numbers, since it contains all the units, the 
tens, the hundreds, the thousands, and the tens of thousands, 
which we have assembled successively. 

Example 1L 
Required flie sum of the four following numbers : 6903... 
7854,«.953 and 7327; I write the nurnbers as is here seen: 
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69Q3 

7854 

953 

7327 



23037 sum. 

And commencii^ as before at the top of the right hand 
column, I saj, 3 and 4 are 7, and 3 are 10, and 7 are 17; I 
write the 7 units under the first column, and the ten I retain 
to add as a unit to the numbers in the next column, the units 
of which are also tens. 

Proceeding to the second column I say 1 which I carry 
and are I, and 5 are 6, and 5 are 1 1, and 2 are 13 ; I write 
3 under the same column, and I carry for the ten a unit to 
the next column, saying : 1 and 9 are 10, and 8 are 18, and 
D are 27,, and 3 are 30; I place under that column, and 
I carry for the three tens, three units which 1 add to the next 
column, saying : 3 and 6 are 9, and 7 aie 16, and 7 are 23 ; 
I write 3 under that column, and as there are no more 
columns, I advance one place farther to the left the two tens 
which would belong' to the next column if there were ano* 
then 

34* If there be decimal parts, since these are counted like 
the other numbers, by tens, as we advance from the right 
hand towards the left, the rule for adding them is absolutely 
the same, observing always to place the units of the same 
order under each other in, the same column, in which case 
the commas or decimal points will also be under each other. 

Thus, if we propose to add the three numbers 72,957.^« 
12,8...124,03, 1 shall write - - • 72,957 

12,8 
124,03 



209,787 



And in following the above rule, I shall have 209,787 (ctv 
the sum. 
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Examples. 

1. Reqaired ^e sum of twenty-nine; six hundred and 
fifty-eight; two hundred and thirty-four; and seven tboa* 
sand seven hundred and eighty-five. 

Answer* The sum is ei^t thousand, seven hundred and 

six. 

% Required the sum of two and nine tentfas'; stzty^ive, 
aad leigta tenths ; twenty^ree, and lb«r tenths ; sevien 'liaih 
dred and seventy^eigbt, ^nd five tenths. 

Answer. Eight hundred and seventy, and sixtenlhs, 

3. Required the sum of the four numben sis, and nine 
hundred and three thousandths ; seven, and ^ig^ 'handred 
MuA fifty 4bur thousandths ; nine hundred and 6fty*4bree 
ihoQMiiidths ; seven, and three hundred aud twenlf«ae!ven 
thousandths. 

Answer. Twenty-three, and thirty-seven ihousandliba. 

4* Required the sum of the three numbers, seven,^ and two 
ftpasand nine hundred and fifty-seven ten-thousandtbn ; mm, 
and twenty-eight hundredths ; twelve, and four hundred «iid 
r three thousandths. 

Answer. Twenty, and nine thousand seven hundred nnd 
eighty-seven ten- thousandths. 

6« Required the sum of the three fi>llowing numbers, three 
hundred, j^ three ten^thousaodths ; seventy, and eighty- 
ffourtiiousaiwtbs ; nine, and three tenths. 

Answer. Three hundred and seventy-nine, and three 
tboossfnd etg^t hundred and forty-three ten^thonsandths. 

€. Required the sum of the answers to the five preceding 
examples. 

Answer. Ten thousand. 

As tbere are certain signs used by mathematicians to de- 
note thefcur fundamental operations of arithmetic, we shall 
consider -each of these together with the rales to which it 
applies. 

There is also an auxiliary sign, viz. two equal and horizon- 
tal Straight Imes thq^ =?, which sonifies that the numbers be- 
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tween which it is placed are equal to one another. For ex- 
ample 4=4 is read four equal to four. 

A straight cross +, which is called plus, or more, is the 
sign of addition, and signifies that the numbers between which 
it is placed are to be added together. -Thus 4+3 signifies 
that 4 is to be added to 3, and is read four plus three, also 
4+3=7, is read four plus three equal to seven, and the ex- 
pression 9+5+8=22, ia read nine plus fire plus eight equal 
to twenty-two, in adding the numbers 9, 5, and 8 together. 

jVbfC' — It is immaterial in what order they are added as 
9+5+8 is the same as 9+8+5 or 8+5+9, etc. 

• Examples. 

I. 19+9+9+9+9+9+9+9+9+9=100. 

It will be seen in this example, that (because 9+1 = 10) 
in adding 9 to any significant figure in a number, that figure 
will be diminished and the next figure increased, each by a 
unit: Thus 19+9=28; 28+9=37; 37+9=46; 46+9^ 
55 1 55+9=64, etc. where in each new addition the unit 
figure is one less and the figure in the place of tens one 
greater. <•• 

?. 27+36+107+9=179. 

3. 93,7+54536+0,007=148,067 

When there are only two or three numbers, the addition 
may easily be performed without placing the numbers under 
each other, by commencing with the lowest units and being 
careful to add only those of the same order to each other, 
carrying for the tens as usual. 
. 4. 75+62,3+58,9=196,2. 

5. 556+829,43+66,078 + 3,008+5,833=1460,340. 

6. 725+596+274+592+673+889+438+299=4406. 
In order to prove the work, when the addition is somewhat 

long, as in the present example, it is usual to add both ways ; 
fbat is, after having placed the numbers, to add from the top 
downward and from the bottom upward, if the sum be the 
?fame both ways, the work can scarcely be wrong. 
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ANOTHER METHOD OF PROVING ADDITION. 

^ This proof of addition is made in adding anew, by parts^ 
but in beginning at the left^ the sums whioh we have already 
added. We take the sum of the first column, from that part 
of the whole sum which answers to it : we write the remain- 
der underneath, which we consider as so many tens, to join 
it to the following figure of that sum, and from the whole we 
take the sum of the column above it, we continue thus to the 
column of units, the sunfi of which being subtracted there 
should be no remainder. 

Thus, having found that the four numbers - - 6903 

7834 
95S 

7a27 



give the sum 23037 



• • 



3110 

To verify this result, I add the same numbers in commen- 
^ cing at the left, and I say, 6 and 7 are 13, and 7 are 20, this 
taken from 23, leaves 3 or three tens, which with the cipher 
following makes 30. t pass to the next column, and I say, 
and 8 are 17, and 9 are 26, and 3 are 29, which I take from 
30 ; there remains 1 or ten, which being added to the nett 
figure makes 13. I add all the figures in the third column 
saying, 5 and 5 are 10, and 2 are 12, this taken fronn 13, 
leaves 1 or ten, which added to the figure 7, makes 17. I 
add likewise all the figures in the column of units, saying, S 
and 4 are 7, and 3 are 10, and 7 are 17, which taken from 
17 leaves nothing; whence 1 conclude that the first ope- 
ration is correct. 

We have reason to conclude that the first operation was 
correctly performed, since after this proof there remains no- 
thing, because having taken away successively all the thou- 
sands, all the hundreds, all the tens, and all the units, of 
which we had composed the sum, there should nothing re- 
main. 
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7. 7+8+6+5+0+8+7+8+2+4+6+8+9+7+3+ 
6+9+8+2+6 = 128. 

In adding any question, whenever two figures succeed 
each other, the sum of which is ten^it will facilitate the ope- 
ration to comprehend them both together ; thus, in the pre- 
sent example I say, 7 and 8 are 15, and 6 are 21^ and 5 are 
26, and 9 are 35^ and 8 are 43, and 7 are 50, and ]0 (com- 
prehending the 8+2) are 60, and 10 (comprehending 4+6) 
are 70, and 8 are 78, and 9 are 87, and 10 (comprehending 
7+3) are 97, and 6 are 103, and 9 are 112, and 10 (com- 
prehending 8+2) are 122, and 6 are 128« 

OF THE SUBTRACTION OF WHOLE NUMBERS AND DECIMAL 

PARTS. 

35. Subtraction is the operation by which we take one 
number from another. The result of this operation is called 
remainder^ excess^ or difference* 

To perform this operation, we write the number which we 
would take away under the other, in the same manner as in 
addition ; and paving drawn a line underneath the whole, we 
take away, in going from the right hand towards the left, 
each lowei* figure from its correspondent upper one ; that is 
to say, the units from units, the tens from tens, etc. ; we 
write each remainder underneath, and a cipher when nothing 
remains. 

When the lower figure is greater than the corresponding 
upper one, we add ten units to the upper one in borrowing 
by the thought a unit from the next figure on the left, which 
should be regarded as one unit less in the next operation. 

Instead of diminishing by a unit the figure from which we 
have borrowed, we can, if we please, leave it as it i$, and in- 
crease by a unit that which is to be taken from it : the re- 
mainder will always be the same. 

Example I. 

We propose to take 5432 from 8954. I write these two 

numbers as follows: 8954 

5432 

3522 * 



J 
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« 
And in commencinc; with the unit %ure, I say 2 from 4- 

there remains 2, mhich 1 write underneath; again pttMiog to 

the tens, I saj 3 from 5 there remains two, which I write 

under the tens^ At the third column, I sajr 4 from 9 leaTCS 5, 

which 1 write under that column. Lastly, at the fourth, I say 

5 from 8 leaves 3, which I write under 5, and I have 3522 for 

the remainder of 543-2 taken from 8954. 

Example II. 

If we would take 7987 from 37646, 

wc write . - - 27646 



/ 



937 



19659 

As we cannot take 7 from C, we add ten units to the 6 
which we borrow in taking a unit from the figure 4, and we 
say 7 from 16 leaves % which we write under 7. 

Passing to the tens, we say not 8 from 4, but 8 from 3 only, 
because in borrowing we have diminished 4 by a unit : as we 
cannot take 8 from 3, we add as before ten units to the 3 
which we borrow in taking a unit from the figure 6 on the left, 
and we say 8 from 13 leaves 5, which we write under 8. 

Passing to the third column, we say in the same way, 9 
from 5, or rather 9 from 15, (in borrowing as before) leaves 6, 
which we write 'znder 9. 

At the fourth column, we say for the same reason, 7 from 6, 
or rather 7 from IG, leaves 9, which we write under?; and 
as there is nothing to take from the fifth column, we write 
under this column not 2, because we have borrowed a unit 
from this 2, but only 1 , and we have 19659 for the remainder. 

36. If the figure from which we should borrow be a cipher, 
wc must borrow not from this cipher, but from the first sig- 
niticant figure on the left of it ; now although this be to bor- 
row 100, 1000, or ] 0000, according as there may be one, 
two, or three ciphers following each other, we operate not- 
withstanding as before ; that is to say, we add only ten to tlie 
figure for which we have borrowed ; and as these ten are con-^ 
sidercd as taken from the 100, or 1000, etc. which we have 
borrowed, to employ the 90, or 990, etc* which remain, we 
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consider the following ciphers as so many nines ; this the fol- 
lowing example will illustrate. 

Example III. 

• • 

99 
If from - - - 20064 
we would take - - 1 7489 



2575 

We first say, 9 from 4, or rather from 14, (in borrowing 
from the next figure) leaves 5. Then, to take 8 from 5, as 
that cannot be done, and as it is not possible to borrow from 
the next figure which is a cipher, we borrow a unit from the 
two, which is worth one thousand with regard to the figure 
upon which we are operating. Of this thousand we take ten 
only which we add to 5, and we say 8 from 15 leaves 7. 

As we have employed only ten units of the thousand which 
we borrowed, we employ the remaining 990 in subtracting 
from it the figures which stand under the ciphers ; this is the 
same au to consider each cipher as if it were 9. Thus we 
say, 4 from 9 leaves 5 : then 7 from 9 leaves 2 : and lastly, 1 
from 1 leaves nothing. 

When the figure from which we would subtract, is less than 
the lower figure, we may add ten to the upper figure without 
borrowing from the next figure on the left, in which case we 
must add a unit to the next figure on the left in the lower 
number ; the numbers being thus both increased by the same 
number, their difierence will remain the same. 

Example IV. 
If it Be required to take 7583 from 9132, 
1 write - - . 9132 

7583 



1549 
. After which, because 3 cannot be taken from 2, 1 add ten 
to 2 which makes 12:1 then say 3 from 12 leaver 9, which I 
write under 3: and proceeding to the next column, I add 1 



f 
f 



fcv 



2Z BEZOUT'S ARITHMETIC. 

to 8 tirhich makes 9, and as 9 is greater than 3, adding tcD as 
before, I say 9 from 13 leaves 4, which I write underneath. 
At the third column, I add 1 to 5 which makes 6, then as 6 is 
greater than 1, I add ten, and say 6 from J 1 leaves 6, which 1 
write underneath. Lastly, at the fourth column, I add 1 to 
7 which makes 8, and 8 taken from 9 leaves 1 ^ I have there- 
fore 1549 for the remainder. 

It will be easily seen that by this method the numbers are 
both increased alike, because in the above example the 1 
which we add to the figure 8 in the lower member being ia 
the place of tens is equal to the ten units which we added to 
the figure 2 in the upper number ; the 1 which we add to the 
^ure 5 in the lower number being in the place of handreds is 
equal to the ten tens which we added to the figure 3 in the 
upper number; lastly, the 1 which we add to the 7 being one 
thousand, is equal to the ten hundreds which we added to the 
figure 1 in the upper number. 

It is also evident, since the numbers added to each of the 
two proposed numbers are equal, that in subtracting the one 
of these equal numbers from the other, there yvill nothing re- 
main, and consequently, this method of operatii^ has no 
effect upon the difference primarily existing between the two 
proposed numbers. 

37. If there be decimal parts in the numbers upon which 
we would operate, we shall follow the very same rule; bat to 
avoid embarrassment in the application of this rule, we have 
only to render the number of decimal figures the same in 
each of the two proposed numbers, in placing a sufficient 
number of ciphers pn the right of that which has the fewest 
decimals : this preparation will not at all alter the value of 
the number (30.) 

Example V. 
From ... 5403,25 

we would take - - 385,6532 

I place two ciphers on the right of the decimals in the 
upper number ; after which I operate upon the two numbei^ 
thus prepared, precisely according to the method given in the 
preceding example : 
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5403,2500 
385,6532 



5017,5968 
And I fiod for the remaiDder 5017,5968. 

Examples. ' 

1» What is the difference between ten thousand five hun-^ 
dred, and nine thousand one hundred and ninetj-seven ? 

Answer. One thousand three hundred and three. 

^. What is the difference between thirty-nine and five 
hundredths, and twenty-seven and three hundred and twenty- 
five thousandths ? 

Answer. Eleven and seven hundred and twenty-five thou- 
sandths. 

3. What is the difference between eighty, and seventy* 
nine and six hundred and fifty-four thousandths ? 

Answer. Three hundred and forty-six thousandths. 

4. What is the difference between the sum of the five 
numbers under examples for practice in numeration (page 
9) and aquintillion ? 

Answer. Six hundred and ninety-nine quadrillions, eight 
hundred and eighty-seven trillions, eight hundred and forty- 
five billions, five hundred and ninety-eight millions, six huo'* 
dred and sixty-eight thousands, two hundred and ninety. 

A short horizontal line thus — , which is called minus, or 
less, is the sign of subtraction, and signifies that the latter of 
the two numbers between which it is placed is to be taken 
from the former: thus 7 — 4 shows that the number 4 is to be 
taken from 7, and is read seven minus four ; also 7 — 4=3 is 
read seven minus four equal to three. 



Examples. 

1. U-8s=€. 

2. 63-37=26. 

3. 27-26,99=0,01. 



4. 100,32—67,505=32,815. 
6. 850,6-50,76=299,84. 
6. 100—0,6053=99,3947. 

The sign plus, is also called by mathematicians the positive 

sjgn, and the sign minus the negative sign; accordingly, a 

mimber having the sign + plus prefixed to it is called a 
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positive number, and a number having the sign — mlntts pre* 
fixed to it is called a negative number. 

Mote. All numbers having no sign prefixed to them are 
positive. 

These two signs, plus + and minus — , that is to say, the 
two operations of addition and subtraction, destroy the effect 
of each other. Thus 5+3—3=5; where it is seen that 
having taken away the same that ^e added, the number 5 is 
still the same. 

The expression 5+3—3 is the same as 5—3+3 or 3—3 
+5, etc. for in the first, 5+3=8 and 8—3=6; in the se- 
cond, 5—3=2 and 2+3=5 ; and in the third 3-3=^0 and 
0+5=5, where it is seen that it \s immaterial in what order 
the numbers stand, provided that they still retain the same 
sign. 

When there are several positive and several negative num- 
bers in the same expression, add all the positive numbers to-* 
gether and all the negative numbers together, the difference 
between these two sums, preceded by the sign of the greater, 
will be the value of the expression. 

Thus in the following expression 5+4—6+9 — 3. 

5+4+9=18 the sum of all the positive nuihbers. 

6+3=9 the sum of all the negative numbers. 

Then 1 8 — 9 = 9 the value of the expression 5+4—6+9—3. 

Or thus 5+4-6+9— 3=5+4+9— 6— 3=18— 9=9, 

Examples. 

1. 6+7+8—3=21—3=18. 

2. 9—5+2—3+6=9+2+6—5—3=17—8=9. 

3. 961+39—0,73=999,27. 

4. 22,5+1,235—25,376 — 74,624+76,265= 

OF MULTIPLICATION. 

40. To multiply a number by another is to take the first of' 
these two numbers as many times as the other contains a unit. 
To multiply 4 by 3 is to take thpee timers the number 4. 

41. The number which we multiply is called the multipli- 
cand; that by which we multiply is called the multiplier i 
and the number found by the operation is called the product. 
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\9t The word prodnd has commonly ;t mucli more extcn- 
*ive signiiication, but we shall use it only to designate the re- 
, suit of a multiplication. 

The miilliplicand and mttltiplier are also called the factors 
of the product : thus, 3 and 4 are the factora of 12, because 
3 times 4 are 1 3. 

43. Pursuing the idea which we have given of multiplica- 
tion, we see that we could perform this operation bj writing 
the multiplicand as many times as there are units in the iduU 
llplier, and afterward performing the addition. For instance, 
to multiply 7 by 3, we could write 7 + 7 + 7, and the sum 21, 
resulting from this addition, would be the product. 

But when the multiplier is somewhat considerable, the ope- 
ration becomes very long. That which we properly call 
multiplication is the method of arriving at the same result 
in a shorter way, 

44. When the two proposed numbers are only considered 
in an abstract manner, that is lo say, without regard to the 
nature of their units, it matters litde wtitch of them we take 
for multiplicand or for multiplier; for example, if we have 
4 to multiply by 3, it is indififerent whether we multiply 4 by 

3, or 3 by 4 ; the product will always be 12. 

Inefiect,3 times 4 is nothing L-lse than the triple of once 

4, and 4 times 3 is the triple of 4 times I. It is evident that 
otice 4 and 4 times 1 are the same thing; and we might 
apply the same reasoning to every other number. 

45. But when, by the declaration of the question, the 
im^t^lier and the mulliplicand are concrete numbers, it is 
important to distinguish the multiplicand from the multiplier ; 
this attention is most necessary iu the multipltcatioa of com- 
pouod numbers, of which we shall speak hereafter. 

Ttte question which leads to the multiplication always 
oakes known which is the quantity that should be repeated 
trnay times, that is to say, the multiplicand ; and which the 
quantity that shows how manj times we should repeat the 
multiplicand, that is to say, the multiplier. 

146. As the multiplier ia destined to show how many times 
t;Bbould tuke the multiplicand, it is always an abstract num- 
h thus, when we demand bow much 25 cords of wood 
L- 
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should cost, at the rate of 15 dollars per cord, we see that 
the taultiplicaod is 15 dollan, which must be repeated 35 
times, whether 35 signifies cords of wood or any thing else. 

47. The product which is formed of the repeated additioD 
of the multiplicand, will then have its units of the same na- 
ture as those of the multiplicaod. 

After this little digression on the nature of the nnits of the 
prodnct and its factors, let us return to the method for find- 
ing this product. 

•18. The rules for the multiplication of the most compli- 
cate numbers, are reduced to the multiplying of a number 
expressed by a single figure hy a number expressed by it sin- 
gle figure. One must therefore exercise himself to find the 
product of the numbers expressed by n single figure, in add- 
ing successively a number to itself. We can also, if we 
choose, make use of the following table. 
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GO 


72 


8']l 96 
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132I144I 



The first line of this table is fonWed by adding 1 to i 
!BSi?eiT. 
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Tiie second in adding 3, id the same manner. 

The third in adding 3, and so on far the rest. 

ID. To find, by means of this table, the product of two 
numbers, we will geek one of these numbers, the multipUciind 
for example, in the upper line ; and, leaving this number, 
we will descend vertically till we come opposite (he multi- 
plier, which we shall find in the first column : the tmtnbci' 
upon which we rest will be the product. Thus, to find, for 
example, the product of 9 into G, or how much is C times 9.' 
I descend from !), taken in the 6rst line, till opposite 6, in the 
first column ; the number upon which I rest is 54 : conse- 
quently, G times 9 are 54. 

This is enough to go on with the multiplication of numbers 
expressed by many Ggures. 




OF MIFLTIPLI CATION BY A NUMBER OF ONE SINGLE FIGUnE, 

SO. Write the multiplier, which we suppose -here to be a 
single figure, under the multiplicand, not much matter under 
what figure ; but to fix the ideas, let us suppose that it be 
under the figure of units. 

First, multiply the number of the units by the multiplier; 
and if the product only contain units, write this product un- 
<lerneath ; if it contain units and tens, write only the units, 
and, counting the tens as so many units, retain these. 

Multiply, in the same manner, the number of the tens in 
the multiplicand, and to the product add the units' which were 
retained ; write the whole underneath, if it can be signified 
by a single figure ; if not, write only the units of this product, 
and retain the tens of it, which are hundreds, to add them as 
units to the next product, which will also be hundreds. 

Continue to multiply successively, following the same rule, 
all the figures of the multiplicand ;tfae series of figures which 
you will have written will be the product. 

Example I. 
We demand how many feet there are in 2064 fathom^. 
Now, as a fathom is G feet, the question requires that we 
Hmb ould take 6 feet 3864 times ; or, which is the same, (44) 
|HK4 feet six timef ■ 
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f write then - - 2864 



7184 Product 

And I say, in commencing with the units, 6 times 4 are 24 f 
I write 4, and I retain 2 units for the 2 tens. 

2dlj. 6 times G are 36, and 2 I retain are 38 ; I set down 
8, and retain 3. 

3d]y. 6 times 8 are 48, and 3 I retain are 51 ; I write 1. 
and retain 5. 

4th]7. 6 times 2 are 12, and 5 I retain are 17; which I 
write altogether ; because there is nothing more to multiply. 
The number 17184 is the required product, or the namber of 
feet which are equal to 2864 fathoms, since ii contains 6 
times the 4 nnits, 6 times the 6 tens, 6 times the 8 hundreds, 
and i^ times the 2 thousands, and, consequently, 6 times the 
number 2864>*. 

OF MULTIPLICATION BY A NUMBER CONSISTING OF UAiXY 

FIGURES. 

51. When the multiplier contains many figures, we must 
do with each of these successively what we have prescribed 
when there is but one, but in commencing always at the right 
hand* Thus, wc shall first multiply all the figures of tiie 
multiplicand by the unit figure of the multipKer, then by that 
of the tens, and we shall not write the second product directly 
under the first ; but as it ought to be a number of tenS| since 
it is by the tens that we multiply, we shall place the first 
figure of this product under the tens ; and the other figures, 
always advancing towards the left. 

The third product, which is found in multiplying by the 
hundreds, will be placed under the second, but in advancing 
it one place towards the left. We will follow the same law 
for the others. 

All the multiplications being made, we add the several 
products which they have given, and the sum is the total 
product.. 
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Example IF. 

We propose to miiltiply 65487 
by - . . - 6968 



523896 eight times 65487. 

327435 fifty times . 

589383 nine hundred times . 

^92922 six thousand times . 



455658546 Product. 

^ I first multiply 65487 by the number 8 of the units of the 
multiplier, and I write successively under the line the figures 
of the product 533896 which I find in following the rule given 
for the first cas^ (50«) 

I multiply in the same way 65487 by the second figure 5 of 
the multiplier, and I write the product 327435 under the 4kt 
product, but in placing the first figure 5 under the tens of this 
first product* 

Multiplying likewise 65487 by the third figure 9, 1 write the 
product 589383 under the preceding, but in placing th^ first 
figure 3 in the place of hundreds, because the number by 
which I multiply is a number of hundreds. 

Lastly, I multiply 65487 by the last figure 6 of the multi- 
plier, and I write the product 392922 under the preceding, in 
advancing it yet one place farther towards the left, so that the 
first figure may occupy the place of thousands, because the 
figure by which I multiply signifies thousands. I then add 
all these products, and I have f 55658546 for the product of 
65487 multiplied by 6958, that is to say, for the value of 
65487 taken 6958 times. 

In effect, we have taken 65487, 8 times by the first opera- 
tion, 50 times by the second, 900 times by the third, and 
6000 times by the fourth. 

52. If the multiplicand or the multiplier, or both, be ter- 
' imnated by ciphers, we abridge the operation in multiplying 
a*if the ciphers were not there ; but we afterward place them 
all on the right of the product. 
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^ ExiUfPLfi III. 

We propose to multiply 6500 
by - . .- 350 

325 
195 



2275000 



I multiply only 65 by 35, and I find 2275, on the right o( 
which 1 write the ciphers which are found in all, on the right 
of the multiplicand and multiplier* 

In effect, the multiplicand 6500 represents 65 hundreds : 
therefore when we multiply 65, we should understand that the 
product is hundreds. Likewise, the multiplier signifies 35 
tens.^ Therefore when we multiply by 35, we should under- 
slllid that the product will be tens ; it .will then be tens of 
hundreds, that is to say, thousands ; it ought therefore to have 
three ciphers on the right. We will apply a similar reason* 
ing to all other cases. 

53. When ciphers are found between the figures of the 
multiplier, as the multiplication by these ciphers could only 
give ciphers, we will not write these in the product ; but 
going directly to the first significant figure on the left of these 
ciphers, we shall advance the product towards the left as 
many places, plus 1, as there are ciphers on the right of it in 
the multiplier, that is to say, two places if there be one 
cipher, three if ttiere be two, etc. 

Example IV." 

If we have - - - 49052 

to multiply by - . - 3006 



252312 

126156 

i 



126408313 • 



After having multiplied by 6, and written the product 
252312, we multiply directly by 3 ; but ire write the pro- 
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duct 136156, in such manner that it shall signify thousands; 
we therefore advance it three places, that is to say, one place 
farther than there are ciphers interposed between the figures 
of the multiplier. * . 

OP THE MULTIPLICATION OF DECIMAL PARTS. 

o4. To multiply decimal parts, we observe the same rule 
as for whole numbers, without any regard to the comma; 
but after having found the product, we separate upon the 
r^ht hand by a comma, as many figures as there are decimals 
in both the multiplicand and multiplier. 

Example I. 

We propose to multiply - - 54,23 
by ..... 8,3 



16269 
43384 



4S0109 

I multiply 5433 by 83, the product is 450109 ; and as there 
are two decimals in the multiplicand, and one in the multi- 
plier, I separate three figures on the right of the product^ 
which becomes 450)109, what it ought to be* 
* The reason of this rule is easy to discover, in observing 
that if the multiplier i^e|& 83, the decimals of the product 
would -o,nly contain hundredths, since we should have repeat- 
ed the multiplicand 54,33, the decimals of which are hun- 
dredths, 89 times ; btit as the multiplier is 8,3, that is to say 
(31) ten times 'U» ibaa 83, the product should contain 
units ten times Itm ttan hundredths ; the last figure then of 
these decimals should be (33) thousandths . there should then 
be three decimal figures in this product, that is to say, as many 
as there are in both the multiplicand and multiplier. 

We can apply a similar reasoning to every other case. 
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lAunjt II. 


If we hare 


0,12 


to multiply by. 


0,8 



0,036 

We multiply 1 2 by 3, which gives 36. 

As the rule prescribes the separation of three figures, we 
might be embarrassed to perform it, since in this product 
36 there are but two; but if we again take up the reasoning 
applied to the preceding example,, we shall easily see that 
there must be, as above, a cipher placed between 36 and the 
comma, ^n eflfect, if we bad 0,12 to multiply by 3, it is evi- 
dent that we should have 0,36 ; but as we luive to multiply 
only by 0,3, that is to say by a number ten times less than 
- three, we should have a product ten times less than 0,36, that 
is to say, tbousandths, which requires (28) that we should 
write 0,036. 

55. Decimals being generally used as an easy means of 
finding a sufficient approximation which we substitute for the 
true result, it' will not be jinnrofitable here to show a method 
of abridging the opera|^jM|p we only require the product 
of two numbers to a pirair^b|^egree of exactness. 

Let us suppose, for eJmpte, that having 45,625957 to 
multiply by 8,6352, I have need only of having the product- 
correct to within a thousandth. J ifrite these two numbers 
as we see below, that is to say, after having reversed the 
order of the figures of one of the two, 1 write it under the 
other, so that its unit figure n^y be under the decimal inrime- 
diately inferior by two degrees to that to. which I would limit 
ray product. 1 then perform the multiplication, neglecting in 
the multiplicand all the figures which are' found on the right 
of that by which 1 multiply ; and as I change the figure of the 
multiplier, I always carry the first figure of the new product 
under the first figure of the preceding. The addition of all 
these products being performed, I suppress the two last 
figures, observing however to increase thQ last of thoae which 
remain, by a unit, if the two which I suppress exceed 50; 



-"^ 
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alter which I place the comma to the rank fited hy the spe- 
cies to which I |»roposed to limit the product. 



Example III. 

I would multiply - . 45,625957 

by 8,6852 

, bat I only require to hdVt tWt pitoduct correct to within a 
thousandth of a unit. * '- 
I write the numbers thiiis : ' 

46,625957 
25368 



36500760 Product by 8. 
2737554 — by 6 tenths. 
136875 — hy S hundredths. 
22810 — by 5 thousandth- 
912 — by 2 ten thousandths 



i ■ 



398.96911 
Pr. withhz a thouyaandth 393,989. 

If we had performed the multiplication as usual, we should 
have bad 393,9892638864, which agrees with the preceding 
as far as the third decimal, as was proposed. 

If there were not eooogfa of decimal figures in the multi- 
plicand to make the unit figure of the multiplier correspond 
Jto the figure prescribed l>y the rule^ we should supply the de- 
fect with ciphers, i j^v 



. . # 
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•^ EXABLPLE IV. 

We would multiply - 54,236 

by • - - . 532,2^ 

aod we would have the product correct to a huudredtb. 
I write - - - 64,236000 

72235 



*v 



.,, ^l 2 W 180000 

16270800 

1084720 

^ 108472 

37961 



288681953 
Product 28868,20 in addmg a unit 

the last figure; becaute the two which we have suppress 
exceed 50. 

Example V» 

Suppose we had to multiply 0;^275389 17 by 0,56641'; 
and that we would only have 7 decimals in the product* 
We shall write - 0,227538917 

87146650 





113769455 

13652334 

1565228 

fiR10l2 

2275 

J589 

176 

"' 128882069 
Product 0,1288821 

A number that is a certain number of ames another nui 
ber^is called a multiple of that other number. Thus 12 is 
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vnultiple of 8, because it contains 3 a certain number of 
times exactly ; also a number that is a multiple of several 
numbers, is called a common multiple of those numbers ; thus 
13 is a common multiple of 6, 4, 3, and 2. 

When one part of the multiplier is a iHultiple of the other, 
the wort may often be considerably shortened, as will be seen 
in the folic wfhg examples. 

"^ ^ Example I. ^ 

Suppqse that we have 34625 to multiply by 248, I write 
the numbers as usual, 

^ 34625 

248 



277000 eight times - - 34625. 
831000 two hundred and forty times * 



'8587000 

and having multiplied by the unit figure 8 of the multiplier, I 
iiave 277000 for the tiret partial product. Then as the part 
24 of sthe mukiplier is a multiple of 8, since it contains 8 just 
3 times; instead of multiplying by the figures 24 as usual, I 
multiply tht first product 277000, which is 8 times the multi- 
plrcand, by 3, and I have 831000 for 24 times the multipli- 
cand ; the unit figure of the- last product being put in4he 
place of tens, makes the whole of this last product signify 
240 times the multiplicand : wherefore the sum of the two 
products is 248 times the multiplicand, as was required. 

EXAMPLB IL 

What is the product of 358976 multiplied by 147497 ? 

358976 
147497 



2512832 seven times the multiplicand. 
17589824 seven times seven times, or forty-nine tim^» 
^2769472 three times forty-nine times, or 147 times. 

.52947883072 Product. 



\ 
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Having mulliplied by the unit figure 7 of the multiplier, I 
have 251 2832 for the product ; then as 49 on the left is just 7 
times 7, I take 7 times 2512832, which gives me 17589^24 
for 49 times the multiplicand, this product being removed one 
place towards the left is 490 times the multiplicand ; again, 
because 147, which is on the left of 49, is just three times 49, 
1 multiply the product 1 7589824 by 3, and 1 have 52769472 
for 147 times the multiplicand, the unit figure of this product 
being put in the place of thoQsands makes the whole signify 
1 47000 times the multiplicand. Now, because 1 47000+490 
-f-7= 147497, the sumof these three products is 147497 times 
the multiplicand, as was required. 

The sign used to denote multiplication, is formed of two 
straight lines crossing each other obliquely, thus X. This 
^sign is called into, and signifies that the numbers between 
which it is placed are to be multiplied together: for example, 
4^X3 signifies that 4 is to be multiplied by 3, and is read four 
into three, and 4 X 3= 12 is the operation performed, which is 
read four into three equal to twelve. ' 

it there be several numbers having the sign X into between 
them, multiply any two of them, multiply this product by tbe 
next number, and this product again by the next, and so on 
tilt all the numbers are involved. 

Ex. 7X4X2X6=336, which is found thus, 7x4=28, 
and 28x2=56; lastly, 56x6=336; or thus, 6x2=12; 
12X4=48, and 48x7=336. It is therefore of no conse- 
quence as to the result, in what order they are multiplied. 

Examples. 

1. 33X6X4X7=5544. 

2. 45x63x95x363=97764975, 

3. 83,5x64,2x5680=30448776. 

4. 3700x150=555000. 

5. 49765 X 7008= 348753 1 20. 
§. 56423x96004=5416833692. 

7. 18296x567=10373832. 

8. 678153x6482=4395787746, 

9. 8964X789=3127596. 



11. 2968763 X 5^2= l75U9l£Un. 

12. 8896,5874 x819=7is<3.«aiaclii« 

A viDcaluiD is a bar ^ «• 



of to collect se\eral q^ia?:?itir* Ial^- 4at- T^int i — ^ c L nr 
(6+4) 3,3igDifi^ that the «i of z uii ( ^ -a le mitxaiiex 



by 3. Abo 6— 4xa,or (€-4^ I. sisiiaa ±ac He lide- 
ence between 6 and 4 if to be 



£XAMPL£S F0& THE fTwr^y <v tBK nSCCXfll*^ JCLS. 

A3(DAI^0 or TIEZ.iii£9S. 



1. 6+4X5=^18 but 6'r4X.S=Xju h no; 
here that 3 timea the san 10 oc t&e inainiKa i vitf ^x li«t 
same as the sam of die two prodacu wten. I6e iimuBe^^ { uui. 
4 are multiplied separatelj bj S. TWk 'I / 1>= : L uit 4 • 
3=12 and 18+12=30. Abo i: 10 be ^T-jsgst iasa. airj 
other parts, do matter how mmwj, tati, d eae^ ir test 
be multiplied by 3>, the sam ct die f^-jsuczi w J ^ If? 
Thu8 (5+2+3) 3=I5~o-.if=3C- 

2. (7—2)3=15aad7 — 2a5=:. 

3. 37,9+l,35X6=46,aiid 3— 4— 3 5=5i— 1--^ = > 

4. (6,253— 4^5+3.997 5 = 55. 
5: 56— (4,025+3,575) C=2. 
6. 156-23,7+64,35—^1^^—^-?^ 



ST*" 



A SHORT WAT OF XCLTVLflSC ST OJC^Vf^ 

Suppose, for example, that we w^rjj nxdvir^ ^iii i«> 
11. I write the muttiplicaTkd widk a Ihe miii^rosf^ 



tha* - - - ;.^'= 



47;7i 

and commencing with the unit aff&re z, i wrxe :: uu&«r Uit 
line; then going regolariT towarfc ?^ >sfi. ] i,uc *i^:x 
t'lgure to the next figure on the risbt ce .1. !^w» > a.vi 1 ^*, 
7, w.hich 1 write under 5 : them 3 u:id 5 are: ^. w^«& I vr v, 
under 3 ; also 4 and 3 are 7. wLicb 1 W7:;!jt viA^J! i u«t 
lastly, I place the last €«njr-t 4 oi -'^ m^^^i^Assi ra. -^v^ -.?' 
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duct one place farther to the left. The reason ot this will 
easily be understood as follows : 

43520 is ten times the multiplicand 
4352 is once 



47872 Sum, or 1 1 times the multiplicand. 

Here we see that in placing any number under ten 
times that number its unit figure stands under a cipher, and 
that each of the other figures stands under the next figure 
on the right of it ; bIso that the last figure is projected one 
place towards the left* 

Jf the sum of any two figures equal or exceed 10 carry 1 
to th^ext figure on the left. 

In like manner if we place once any number under ten 
times that number and subtract, we shall have nine titnes 
that number. Wherefore if I have the above number 4353 
to multiply by 9. I write the number with a line underneath 
as above - - - . . 4352 



39168 "^"v 

and beginning with the unit figure 1 say 2 from 10 leaves 8, 
I write 8 under 2 and carry 1 to the next figure on the left, 
then 1 and 5 are 6, and as 1 cannot take 6 from- 2, I say 6 
from 12 leaves 6 which I write under 5, and carrying 1 to 3 
which makes 4, 1 say 4 from 5 leavea 1, which I write under 
3, then as I cannot take 4 from 3, I say 4 from 1 3 leaves 9, 
which I write under 4, 1 carry 1, and as there are no more 
figures, I subtract this 1 from the last figyre 4, the remainder 
3 I place on the left of 9, which completes the operation. 

TO MULTIPLY BY A NUMBER CONSISTING OF ANY NUMBER 

OF NINES. 

Place as many ciphers on the right of the given multipli- 
cand, as there are nines to multiply by, from this new num- 
ber subtract the multiplicand,; the remainder will be the 
required product. 
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Example. 
If I have 6932 to multiply by 999 



I write 



6932000 
&932 



^5fc 



6926068 

In placing three ciphera on the right, I multiply by WW 
(Bezout 15,) and consequently, as 1000— '1=999, in sub- 
tracting once the number from a thousand times, the remain-^ 
der is 999 times, as was required. 

ON SOME OF THE USES OF MULTIPLICATION. 

56. We do not propose to make known all the uses ot 
multiplication ; we will only indicate some of them which 
will 3erve as a guide to the rest. 

Multiplication serves to find the total value of many units, 
when we know the value of each. For example, 1st. how 
much should 6842 barrels of flour cost, at the rate of 13 
dollars per barrel ? We must multiply 13 dollars by 5842, 
or (44) 5842 dollars by 13 ; we shall have 7594 dollars, for 
the required cost. 2d. What is the weight of 5964 cubic 
feet(l) of water, supposing the cubic foot to weigh 72 
pounds ? We must multiply 72 pounds by 5954, or 5954 
pounds by 72 : we shall have 428688 pounds for the weight 
of the 5954 cubic feet. 

57* We employ multiplication to convert the units of a 
certain kind to units of an inferiour kind. For example, to 
reduce pounds to shilliijg3, these to pence, and these last to 
farthings ; days into hours, these into minutes, and these last 
into seconds ; as we often have need of these conversions, 
we shall give some examples of them. 

If we require the conversion of 8/. Ms. Id, into pence 5 
as the pound is worth 20^., we multiply the 8/. by 20 (52 ;) 
which gives I6O5., to which adding the 17^. we have 177^.; 
these we multiply by 12, because each shilling is worth 12 

(1) The cubic foot is a measure of one foot in length, oue foot in breadth, 
and one foot in height, with which we estimate the capacity of bodies. 
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pence, and, we have 2124 pence, which added to the 7 gives 
2131 pence, for the value of 8/. 175. 7 J. converted into 
pence. 

If we demand how many minutes are contained in a com- 
mon year, or 365d. 5 h. 48m. ; as the day contains 24 hoars, 
we shall multiply 24h. by 365, and to the product 8760 we 
will add 5 h. ; we will multiply the total 8765h. by 60 (52,) 
because the hour contains 60 minutes, and we shall have 
525900 minutes, to which adding 48 minutes, tre shall have 
525948 for the number of minutes contained in a common 
vear. 

The operation at length would stand in the following form. 

d. h. lA. 
365 5 48 

24 



1465 
730 

8765 
60 

525948 



1 have here added the 5h, in multiplying by 24. I have 
also added the 48 minutes in multiplying by 60. 

As all such questions will easily be performed and under- 
stood from what has been said above, to give more of them 
here would be but a useless repetition. 

58. Before we conclude what regards multipIicatioQ, let 
us observe to beginners, that the double, the triple, the 
quadruple, etc. of a number, is two, three, four, etc. times 
that number. 

OP THE DIVISION OF WHOLE NUMBERS, AND OF DECIMAL 

PARTS. 

59, To divide a number by another is, in general, to seek 
how many times the lirst of these two numbers contains the 
second* 
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The .number which we divide i^ called dhidend : that br 
which we divide, divisor ; and that which shows how many 
times the dividend contains the divisor, is called quolienim 

We have not always in view in division, to know how 
many times a number contains another ; but we perform the 
operation in every case as if it tended to this end, for this 
reason we can, always, consider it as the operation by which 
we find how many times the dividend contains the divisor* 

Hence, it follows, that if we multiply the divisor by the 
quotient, we shall reproduce the dividend, since this is 
to take the divisor as nwny times as it is contained in the 
dividend : this is general, whether Ihe quotient be a whole 
number, or a fractional number. 

As to the species of the units in the quotient, it is neither 
by the species of those in the dividend, nor of those in the 
divbor that we must judge; for the dividend and the divisor 
remaining the f^ame, 4he quotient, which will always be the 
same numerically, may be very different in the nature of its 
units, according to the question which gives rise to the divj« 
6ion. 

For example, if we would know how many times 8 dollars 
contain 4 dollars, the quotient will be an abstract number, 
which will signify 2 times ; but if it be required to know 
how much work may be done for 8 dollars, at the rate of 4 
dollars per square yard, the quotient will be 2 square yards, 
which is a concrete number, and of which the species has no 
relation to the dividend nor to the divisor* 

But we see, at the same time, that the question alone 
which leads us to make the division, decides the nature of 
the units of the quotient. 

OF THE DIVISION OF A ^XMBEB CONSISTING OF SEVERAL 
FIGURES, BY A NUMBER WHICU HAS BUT ONE. 

60* The operation which we are about to describe, sup- 
poses that we know how to find how many times a number 
of one or two figures contains a number consisting of a single 
figure. This is a knowledge already acquired, when we 
know by memory the products of the numbers which have 
but one figure. We can also, to come at this, make use of 
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the table which we have given above (48.) For example, 
if I would know how many times 74 contains 9, I seek the 
divisor 9 in the upper line, and I descend verticallj till I find 
the number nearest to and less than 74, this is 73 ; then the 
number 8 which is found opposite to 72 in the first colamn, 
is the number of times, or quotient sought. 

This supposed, we perform the division of a number which 
has many figures, by a number which has but one, as follows. 

Write the divisor by the side of the dividend, separate the 
one from the other by a line, and draw a line under the divi- 
sor, under which you will write the figures of the quotient, 
as they shall be found. 

Take the first figure on the left of the dividend, or the 
two first figures, if the first does not contain the divisor. 

Seek how often the divisor is contained in this first ^are, 
or these two first figures, write tfie number of times under 
the divisor. 

Multiply the divisor by the quotient which you have writ- 
ten, and carry the product under the part of the dividend, 
which you have employed. 

LasUy, subtract the product from the part of the dividend 
above it to which it answers, and you will have a remainder. 

On the right of this remainder bring down the next figure 
of the principal dividend, and you will have a second partial 
dividend, upon which yon will operate as upon the first, 
placing the quotient on the right of that which is already 
found, multiplying the divisor again by this quotient, and 
vrriting and subtracting the product as before. 

You will bring down as before to the side of the remainder 
of this division, the ^ure of the dividend which follows that 
which you have already brought down, and jou will continue 
always in the same manner to the last inclusive. 

This rule will be illustrated by the following example. 

We propose to divide 8769 by 7. 

1 write these twoliumber? as follows : 
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Dividend 


7 DiFisor 


8769 


12a2| QuoiieDt. 


7 


■ 


17 


r 


14 




' 36 




35 


- 


19 




14 





5 Remamder. or put of tae dmaeac 
which has not been divided. 

In commencing at die kft of tfaedirideDd. 1 fiiOBid saj. u* 
8 thousand bow many firg 7 : but I ny aofi f- » * b^v 
many times 7 ? it is coefained once. This 1 is sataraihr 
one thoasand, but the figares which come after eire it its ret: 
value ; this is the reason that I write simply 1 oader the £- 
visor. 

I multiply the divisor 7 by the quotient if aod I cafiy tbe 
product 7 under the part 8 which I have divided ; rnkkit^tta 
subtraction,' I have 1 for the remainder. 

This remainder 1 is the part of 8 which hftf out beca <i> 
vided, and is ten with regard to the next 6gve 7; ^tfaiirea^Qfli 
I bring down the %nre 7 on the right of itaiMi I t^JtAhmt d^ 
operation, saying, in 1 7 how many times 7 ? tvke* I i» rr.^ 
this 2 on (be right of the first quotie&t K feszid bv tJ»e fifv. 
operation. 1 multiply the divif or 7 by the q«46er;t 2 m\^X I 
have just found, as in the first operMiioB ; I cany iJk pr>S«ct 
14 under my partial dividend 17, and kariciK f^UracUd 
there remains 3 for the part which ba$ not be«b divvkd. 

By the side of this 3, I bring down C, tbe third fi^re of 
the dividend, and I say, in X hem maay times 7 ? S* timci^ I 
write 5 in the quotient. 

I multiply the divisor 7 by 5 ; and having writU» ffa^ pr//* 
duct 35 under my new partial diviikikd, I subtmct at>4 tlMTf^ 
remains 1* 

Again, by the side of this remainder I, f brii»g down ^Ik: 

o 
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figure 9 of the dividend, and I say, in 19 how many limes 7 
twice ^ I write 2 in the quotient, 

I multiply the divisor 7 by this new quotient 2, and having 
written the product 14, under my last partial dividend 19, 1 
subtract and there remains 5. " 

1 find then that 8769 contains 7 as many times as the quo- 
tient that we have written signifies, that is to say, 1 252 times, 
and that there remains' 5. 

With regard to this remainder, we will be satisfied for the 
present with saying that we have written it by the side of the 
quotient, as we see in this example, that is to say, in writing 
the divisor under this remainder, and separating the one from 
the other by a line ; and then we i^vouovlucq five-sevenths. 
We will hereafter explain the nature of these numbers. 

61. If in the course of the operation, some of the partial 
dividends be found insufficient to contain the divisor, we 
write a cipher in die quotient, and omitting the multiplication^ 
we immediately bring down another figure by the side of the 
partial dividend, and continue the division as before. 

Example. 
It is required to divide 14464 by S. 



14464 

8 


8 
1808 


64 

64 


• 


064 
64 



I here take the two first figures of the dividend, because 
the first docs not contain the divisor. 

I find that 14 contains 8 once, I write 1 in the quotient ; I 
multiply 8 by 1 , and I subtract the product 8 from 1 4, which 
gives me 6 for the remainder, by the side of which I bring 
down the third ^ure 4 of the dividend. 

I continue in saying, in 64 how many times 8? eight times; 
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1 write 8 in the qzc^^^zz, md nwJigtTiic. 

product, which I lake fpc<*i int wni 

mains 0, to the side cf ■t»uL i i>me 

the dividend : and is 6 dici i»:c r^ioiaci L. 

quotient, and 1 bnr^ (}9vt. TExnfe»:ziFr£^7 rv tie 

the last figure of the oirtot^jt vouia. » 4:. loc »v n. i^ 

many times 8 ? it i« coaU-ASC cus&c irmf* lamc 

in the quotient, I mulnptv inz fiAocz iitt yndaa 

there remain? coiiiar- i ::ciijuafe liac I^^r- 

1808 timeE. 

Suppose tfaat itc brr» S&i » iTiii* jr \ 



*>- » 




0C»/- 


ur 


258 




24» 




IS 




1-r 





Here it is CTiden: :ia: -1 k ^:arjaiSiEst xi I MffOKTTOr 
than once, and co:ji^>ec:*^j kuk^iac sajt^ txaa '^y^ 'iauat 
in 800: it is aUo e^jfde&i ii&^: i & vx, 'jwsauixaA ittT: insist a 
858, therefore the qooiie:.': vJ. x vKvwa. : X iui iOU icui 
as all numbers oo&toix^iiiz HLjtfCJ^^Qi r^ur* tir^^t ii^ar^ »\ 
express them, there vi:i >& :x'r^^ izur^i a ^ut truvUnr. 
Noir having found that UK tz^hcyzK r '.. ^ta^ tt ''a »», 'Vl 
we multiply the divi-or i bi ^dtt I X. soiC v^ ut* t V/l cu* lut 
product; we subiract rtJit fftutwj: irvn 'uit tLi»iUeuL ttul 
there remains 2oZ to be ckx\^jfA : ii;^ «s tut imi: ii^u*^ n tut 
quotient will be ter^. a;^ i.i *.::« sicsame? 1^1 ^vintuut 1^ Vnift 
we seek how ofteij 6 \h c^l,'xiz^s^ xl 2.S. v t iuit v 'jtu*A «uc a^t 
this 4 is four teCi!. we pL%^ ;: 'x* rsjk r^g^, vf u^ j JuuuOf^ 
we multiply the civifror C f} ttut 4^ wuu*^ ]^ei ^( >«/» v? 
240, and subtractinz ^0 /rcA ^>s 'dEicoe /eauMue ^ ^ \\ vt <&> 
vided ; then as C is o&aiai«>e;: ir: J ^ iLree t^tMrt, u«C w ^Mm^ '■: 
signifies 3 urjts. we plac^ w tj^ itit rrcf- 'A 'J^t 4 V;?Ui *•/. 
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multiplying the 6 by this 3, we have 18, which beii^ subtract- 
ed from 1 8, there remaibs nothing. 

Wherefore the divisioQ is complete, and we have 143 for 
(he quotient, or the number of times that 6 is contained in 

We have pursued this method here merely for the sake of 
illustration ; we shall see by performing the work in the useal 
way, that this is only a useless repetition of ciphers and of the 
figures in the dividend; 



858 
6 


6 
143 


26 

24 


1 


18 
18 



Here the first figure 1 in the quotient, which I find in seek- 
ing how often 6 is contained in 8 hundred, signifies 1 hundred, 
and consequently the figure 6 which is the product of the di- 
visor multiplied by this 1 is 6 hundred ; having subtracted 
this 6 hundred from 8 hundred there remains 2 hundred, and . 
as each hundred is ten tens, this 2 together with the 5 tens 
which I bring down is 25 tens, and the quotient figure 4 which 
] find in seeking how often 6 is contained in these 25 tens is 
4 tens, and it receives its true value in being placed on tiie 
right of the 1 hundred. Again, multiplying 6 by 4 tens, I 
have 24 tens ; this being placed under 25 tens and subtracted, 
leaves 1 ten, to the side of which bringing down the 8 units 
of the dividend, 1 have 18 units to be divided. 1 then say, G 
is contained in 18 three times; I place 3 in the quotient, 
which, as it is 3 units, stands on the right of the 4 tens, then 
multiplying I say, 3 times 6 are 18, which taken from the 18 
remaining uaits of the dividend leaves nothing, and the quo- 
tient is 143 as before. 
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OF DIVIDING BT A NUMBER CONSISTING OF MANY FIGURES. 

62. When the divisor consists of many figures, we shall 
proceed in the following manner : 

Take on the left of the dividend as many figures as will 
contain the divisor. This done, instead of seeking as befeva 
how many times the part of the dividend which you have 
taken contains your whole divisor, seek only how many timet 
the first figure of your divisor is contained in the first figure 
of your dividend, or in the two first, if the, first is not suffi* 
cient ; write the quotient under the divisor as before. 

Multiply successively, according to the rule given (50)) all 
the figures of your divisor, by this quotient, and*, place the 
figures of the product under the corresponding figures of 
your partial dividend. Subtract, and to the side of the re* 
mainder bring down the next figure of the dividend, to con« 
tinue the operation in the same manner. 

We will elucidate this by some examples, and anticipate at 
the same time cases which might occasion some embarrass- 
ment. 

Example I. 
We propose to divide 75347 by 5S. 



75347 


53 


53 


1421H 


223 
212 




114 

106 


87 
S3 



34 



I take only the two first ^res of the dividend, because 
ibey contain the divisor, and instead of sayii^ in 75 liew» 
nGtany times 53, 1 seek only bow often the 7 tens of 75 con* 
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tain the 5 tens of 53, that is to say, how many times 7 con- 
tains 5; 1 find once, wherefore I write 1 in the quotient. 

I multiply 53 by 1, and I write the product 53 under 75: 
afler the subtraction, there remains 22, to the side of which 1 
bring down the figure 3 of the dividend, 'and\ I proceed, in 
saying, for greater facility, in 22 how many times 5, (instead 
of saying in 223 how many times 53;) 1 find 4 times, which I 
write in the quotient. 

I multiply successively, by 4, the two figures of the divisor. 
and I write the product 212 under my partial dividend 223; 
after the subtraction, there remains 1 1 ; I briog down to the 
side of this remainder the figure 4 of the dividend, and I saj 
simply, as i>efore, in 1 1 how many times 5 ? twice \ I . write 
3 inihe quotient, and I multiply 53 by 2, which gives me 1 06, 
this I write under the partial dividend 114^ subtracting, I 
have G for the remainder, to the side of which I bring down 
the last figure 7 ; I divide 87 in the same way, and continuing 
as before, I find 1 for the quotient, and 34 for the remainder, 
this I write on the side of the quotient, in the manner men- 
tioned above (60.) 

63. We ought, strictly speaking, to find how many times 
each partial dividend contains the whole divisor ; but as this 
research would often be long and tedious, wc content 
ourselves, as we have seen, with seeking how often the 
greater part of this dividend contains the greater part of the 
divisor. The quotient that we find by this method is not 
always the true quotient, because, in taking this part, we 
make, in reality, only an approximate estimation ; but besides 
that this estimation almost always leads to the truth, and in 
the contrary case, varies but little, the multiplication which 
comes after serves to redress what has been defective in this 
judgment In effect, if the partial dividend really contains 
the divisor 3 times, and if, by the trial which we make, 
we find that it contains it 4 times, we easily perceive that 
in multiplying by 4 we shall have a product greater than the 
dividend, since we shall take the divisor more times than it 
really is contained in this dividend, and consequently the 
subtraction will be impossible ; we shall then diminish 
the quotient successively by one, two. &c. units, until we 
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find a product which we can snbliact : oa Ibe cmaAmj^ifwe 
place only 9 in the qootieDt, the reinaiiider, after fte wMracr 
tion, will be found greater than the diTisor ; which wmU 
prove that the divisor is yet contained in it, and that, coKe- 
quently, the qaotient is too small. 

As for the rest, we acquire, in a little time, (be hakjt •f 
foreseeing by how many we oogjht to dinunbh or ai 
the quotient given by the fint trial. 



Example II. 

We propose to divide 189492 by 57 

189498 j 875 
1875 505U 



1875 

11-7 

I take the four first ^ores of the dividend, becattip Ihe 
three first do not contain the dftisor. .ftu 

After which, I say, in 18 only bow many times 31 U h 
really contained 6 times ; bat in muHiplyii^ 375 by 6 I dbAdd 
have more than my dividend 1894 ; wherefore, I write 
only 5 in the quotient. 1 multiply 375 by 5 ; and haviiH; 
written the product under 1894, 1 subtnct and there remain% 
19. 

I bring down by the side of 19 the figure 9 of the dividend : 
and as 199, which 1 then have, does not contain 375, 1 place 
in flie quotient, and I bring down by the side of 19^ the 
figure 2 of the dividend^ which gives me 199^ for which I 
say, in 19 only how many times 3? 6 times. But f^r the 
same reason as above, I write 5 only in the quotient ; arj^i 
having operated as before, I have 117 for remainder 

64. Observe here a reflectioo which may serve in a great 
many cases to prevent useless trials. We are principally e%' 
posed to these doubtfiil essays, when the second 6gare of Ibe 
di visor(countittg from the left) is sensibly greater than the first. • 
In this case, instead of seeking how often the first figure of V^ 
the divisor is contained in the corrcf pondine part of (he divi- 
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dendy we must seek how often this first figure, increased by 
a unit, is contained in the corresponding part of the dividend : 
tflls trial will always be much nearer than the first 

Example. 
We propose to divide 1832 by 288. 



1832 
1728 

104 



288 

61 AA 
78» 



Iq|tead of saying, in 18 how many times 2 ? I shall say, in 
18 how many times 3, because the divisor 288 is much nearer 
to 300 than to 300; I find 6, which is the true quotient; in- 
stead of which I should have found 9, and should, conse- 
quently, have been obliged to ni^ke three useless trials. ' 

MEANS OF ABRIDGING THE PRECEDING METHOD. 

65. It is to render the method more easy to be understood 
that we have prescribed to write under each partial dividend 
theirproduct which we find ia multiplying the divisor by the 
quotient ; but as the end of arithmetic should be to shorten 
Xher operations, we think we ought here to remark that we 
may dispense with writing these products, by performing the 
subtraction regularly as we multiply each figure of the divi- 
sor, writing only the remainders. The following example 
will suffice to show how this subtraction is performed* 

Example. 
We would divide 75G984 by 932. 



756984 
1138 
2064 
200 



932 



812|Sf 



■>4t 



"^ Having taken, the four first figures of the dividend, 
which are necessary to contain the divisor, I find that 75 
contains 9, 8 times, I write 8 in the quotient ; and instead of 
writing under 7569 the product of 932 by 8, I first multiply 
-2 by 8, which gives me 16 ; but as I cannot take 16 from 9, 
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I borrowfrom the next figure 6, a ten ; which added to 9 
gives 19, from this taking 16 there remaiii\s 3 which I write 
underneath* ■ *- 

To keep account of the ten borrowed, instead of diminish* 
ing by a unit, the figure 6 from which I have borrowed/ 1 
retain this unit which I shall add ^to the next product ; thus 
continuing the multiplication, I say 8 times 3 are 24, and 
one which I have retained are 25 ; as I cannot tak« 25 from 
6, 1 borrow from the next figure 6 in the dividend, two tens, 
which added to 6 gives me 26, ^om this Intake 25 and there 
remains 1, which I write under 6 ; by this means I have kept 
account of the first ten which I should have taken from the 
6, because I have subtracted one ten more. .1 retain in the 
same manner the two tens which I have borrowed. I then 
continue, saying 8 times 9 are 72, and 2 which I borrowed 
are 74, this taken from 75, leaves 1 . 

I bring down to the side of the remainder 1 1 3 the figure 
8 of the dividend, and I proceed in the same manner, saying 
in 1 1 how many times 9 ? Once, after which once 2 is 2, 
this taken from 8 leaves 6 ; once 3 is 3, this taken from 3 
leaves ; once 9 is 9 which taken from 1 1 leaves 2. I.bring 
down the figure 4 by the &ide of the remainder 206, and I 
say in 20 bow many times 9 ? twice ; and multiplyii^ I 
say twice 2 are 4, which taken from 4 leaves ; twice 3 are 
6, which taken from 6 leaves ; and lastly, twice 9 are 1 8, 
which taken from 20 leaves 2. 

66. It may happen in the course of these partial divisions, 
that the dividend may contain the divisor more than 9 times, 
we ought not however in any case to put mere than 9 in the 
quotient, for if we could put 10, this would be a proof 
that the quotient found by the preceding operation was false^ 
since the ten which we should find in the present quotient 
would belong to the first quotient. 

67. When the dividend and divisor arc both followed by 
ciphers, we can take as many from each as there are in 
that which contains the smallest number. For example, 
to divide 8000 by 400, 1 shall only divide 80 by 4 ; for it is 
evident that 80 hundreds will only contain 4 hundreds, as oft 
as to units contain 4 units% 
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i 



$3 B£ZOUT'S ARITHMETIC. 

* 

OF THE DIVISION OP DECIMAL PARTS. 

i8« To avoid superfluous distinctions, we will reduce the 
division of decimals to this single rule. 

Of the two proposed numbers, place on the right of that 
which has the fewest decimals as many ciphers as wilt render 
the decimal places in each equal ; this will not alter the value 
of the number (30 ;) suppress the comma in both, and per- 
form the operation as in whole nunibers i the quotient will 
not be altered in any respec% 

Example. 
We propise to divide 13,53 by 4,3. 
I wfite - - - i2,52 | 4,3 
or rather- - - 12,52 | 4,30 

Suppressing the comma, I have 1252 to divide bj 430; 
performing the operation, 



1252 
392 



430 



mi 

I find 2 for the quotient, and 392 for the remainder, that 
is to say, the quotient is 2 and ||^. 

But as the object which we propose, when we make use 
of decimals, is to avoid ordinary fractions, instead of writing 
the remainder 392 in the form of a fraction, as above, we 
shall continue the operation as in the following example : 

\ 430 
1252 I 2^91,6+ 

3920 
500 
700 
2700 
120 

Having found the quotient in whole numbers, which 
in this case is 2, we place on the right of the remainder 392 
a cipher, which truly renders it ten times too great : we con- 
tinue to divide by 430, and having found that we should place 
9 in the quotient, we place it there in effect, but the place 
of the intipgers being marked in j)ulting a comma after the 
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2 ; the 9 by this means .only signifies tenths : having per- 
formed the multiplication and subtraction, we place a cipher 
on the right of the remainder 50, which is the same thing as 
if we had plaoed two on the right of the dividend ; but in 
placing after 9 the quotient 1 which we find, we by this means 
give it its true value, since it Ihen signifies a hundredth ; we 
thus continue the operation as far as we think proper* In 
continuing to two decimals, we have the value of the quotient . 
at least to less than a hundredth of a unit ; carrying it to three , 
figures, we have the quotient to less than a thousandth, and sof ' 
on ; since we could not put a unit more or less without ren- 
dering the quotient too great or too little. The sign + is 
placed 6h the right of the quotient to show that the opera- 
tion might be extended farther, that is, that the quotient is 
somewhat less than the true quotient. 

AH remainders arising from divisions, n^y thus be reduced 
to decimals. • 

We have yet to explain why the suppression of the comma 
in the dividend and divisor does not alter the quotient, wheu 
we have rendered the number of decimals the same in eacb^ 
of these two numbers^; this is easy to *percei%e, because ii^ 
the above example, the dividend 12,52 and the divisor 4,3Qr 
are nothing^ else than 1252 hundredths and 430 hundredths,, 
since the whole units are worth a hundred hundredths (22 ;) 
now it is evident that 1252 hundredths contain no otherwise 
430 hundredths, then 1252 units contain 430 units ; the con-, 
sideration then of the comiha is useless when we have com*? 
pleted the number of the decimals. 

69. When we require the quotient of a division only to a 
proposed degree of exactness, we can contract the calcula-. 
tion by the following method. We will first suppose that we 
only require to have the quotient correct to fess than a unit ; 
afterward we will show how to apply the method, to have it 
as near as we would : observe the following rule. 

Suppress, on the right of the dividend, as many figures, less 
one, as there are in the divisor; after which, perform the di- 
vision as usual : if there be no remainder, you will place on 
the right of the quotient as many ciphers as you have sup- 
pressed figures in the dividend. But if there be a remainder, 
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you will continue to divide, not by the same divisor as befoi 
which is no longer possible, but by the same divisor afii 
having suppressed the last figure on the right; after thisdi 
aion, you will divide the new remainder by the preceding di- 
visor, aftor having suppressed its right hand figure, ^nd yoa 
wilt continue thus to divide, suppressing in each division one 
figure on the right of the divisor. 

Example. 
We would have, to within a unit, the quotient of 8789236481 
divided by 64423, I suppress the four last figures on the rigbt 
of the dividend, and I divide 878923 by the propose^ diviMf 
0W2X 



878923 
264C93 



64423 



136430 
• 41434 . . . 6442 
2772 ... 644 
196 ... 64 
4 ... 6 

I first find 1 3 for the quotieDt^ and 414^4 for the remaioder: 
I tbeii divide 41424 by 844 2, suppressing the last figure 3 
of the divisor^ 1 have t> tor the quotient, which I place on the 
right of the dr^t quotient 15. and the remainder is S773, 
which 1 divide bv 6 U ; ag^Q suppressing one figure on the 
ri^t cf the prinutive divisor* i have 4 for the quodent : this 
I phkce OQ the r^h( of the principal quotient 136; there- 
tnaiud^r b$ l!^. which I divide by 64> a^ain sn^resshig one 
%tire of the divisor, the qtiotieat is 3, and the remainder 4. 
Lii^cN^ I viivttie by ^^ ;jkQd I have fer the quotieat; so tU 
the quodenc of sfi>^23v ti?r divided by b*4423. is 136430, to 
vithia Uk uutc. Ic edecu the ex:ict quotieat is t36^430s^Wj. 

ft is DOC aece^sarv iw ^rice each daie^Jis ahore^ the new 
divisor : we mav be sattsaed w.zh barria^;.. in the prinnkiTe di- 
visor^ each ti«:ure j;s we ^^'•'-^ceed to i «iew divisiua; we have 
wTtr^^'j -bese di^isci^ bv :be <idv? c?t ifce succeisiTe lenaifi- 
alkil:5^ viiiiA* c;; reodkT d>? ijperjLCci: ai^^re clear* 

^» ?i Uhi remaiatier v;t ulie di^^c iivisicn be dbuml lea^ tdhu 
dhj divnjQr aAec haviuu: su^^ressed che riij&c band figisEe. we 
pii»;ii ^ cipher ui die v{acQeitt ; ;)mL it ic b^ v^t Gta» tbai tbt 
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livisor after having again suppr^sised the right hand figure, we 
again place a cipher in the quotient, and so on. 

* 

Example. 

To have within a unit, the quotient of 55106054 divided 
by 643, 1 divide, as usual, the part 551060 which remains 
aifter the suppression of the two last figures of the proposed 
dividend. 



5S1060 I 643 
3666 I 85?01^ 
4510 

9 ... 64 
9. . . 6 



I have 157 for the quotient, and 9 for 
the remainder : I must then divide this 
remainder hy 64 only: as 9 does not 
contain the divisor, I put in the quo- 
tient, and I have still 9 for the remain- 
der ; this I divide by only, so that the 
quotient sought is 85701, which is within a unit.* 

71. If in the commencement of the operation, after having •> 
suppressed the figures on the right of the dividend as directed 
by the rule, the figures which remain do not contain the divi- 
sor, we suppress immediately as many figures on the right of 
the divisor as are necessary, in order that it may be contain- 
ed in the dividend. 

Example. 

We would have, within a unit, the quotient of 1611527 
divided by 64524. 

I suppress the four figures 1527 on the right of the divi- 
dend. .But as the remaining figures 161 cannot be divided 
by 645S4, 1 suppress in this divisor the three last figufes 524, 
which must be suppressed in order that the divisor may be 
contained in the remaining dividend 161 ; therefore, I divide 
161 by 64, operating as in the preceding example; 

I 64 
161 I 25 
33.6 
3 

and I have 25 for the quotient of 161 1527, divided by 64524, 
to within a unit: in effect, the exact quotient is 24||ffi, 
which is much nearer to 25 than to 24. 
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f 'tnAit *h*» 'y. S? bj yfir. « i^Qr -Tf : 

! 1W7 

710 199 
lis. 20 

is.e 

ti«dt II Uj mj, ibftead of diTiding the reaiaiDder 710 bj iM 
'/rJjr, ) diride it b^ 199, beouiae the bst figure 7 which 1 1^ 
{/r<;4% M $^r«:dter tiab 5. The same reason for the foUovM 
A't^utou. f5ut a* the but dhrkor 2 which » coBtained 6 tiiiiei \ 
til \ \ M a little tCK> much, I place 7 ia the quotient to com- 
If^tvtU:. It i> now eaij to see how we should proceei 
w^ierj we would have the quotient much more exact. For 
tXHtrifUif i( we would have the quotient to within a ten-flw ■ 
«aridth of a unit, the question would require as many cipheh 
Ouix^, it would require four) on the right of the diTidend, as 
we would have decimals in the quotient : after which, we 
Hhould perform the division according to the above method. 
Wlicn Hc shall have found the quotient to within a unit, we 
nhall separate upon the right hand, bj a comma, as many^ 
figures as we would have decimals^ 

Example* 

We would hare to within the ten-thousandth part of a unit, 

i\\i\ quotient of 69i7 divided by 4532: I place four ciphers 

'fi flif; ri(;lit of 0027, and the question is reduced to this, viz. 
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ope 
1 
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to have the quotient of 69270000 divided by 4532, to within 
a unit, that is to say, conforfnably to the above rule, the quo- 
tient of 69270 divided by 4532. The operation is as follows : 



' 



69270 


1 4533 


23950 


15285 


1290 . . 45S 


384 ..46 


S4. 


.5 



the quotient sought is tlierefore 1,5285, which is true to with- 
in a ten-thousandth of a unit. 

If there were decimals in the dividend, or in the divisor, 
or in both, we should first transform them to whole numbers, 
according to what has been said (68 ;) after which we should 
operate as in this last example. 

If then we would reduce a proposed fraction to decimals, 
we should come at it readily by this method, having regard to 
what has been said (71.) 

Thus if we would reduce flrf to decimals, and have the 
value of it to within the thousandth part of a unit, we shall 
have 4253000 to divide by 9678 ; which (69) Will be reduced 
to the division of 4253 by 9678, and (71) to the division of 
4253 by 968, according to the above method. We shall then 
find 439 ; so that we shall have 0,439 for the value of ^f f f , 
to within a thousandth. 

The following may serve as an illustration of this method 
pf contracting a division : 

If we have 2264385 to divide by 2264, by the rule (69) 
we shall have 2264 to divide by 2264, and consequently the 
quotient will be 1 , with as many ciphers as there were figures 
suppressed in the dividend, that is 1000. 

Now the true quotient is 1000 /j^?, whence it may easi- 
ly be seen that as the number of figures suppressed, is always 
one loss than the number of figures in the divisor, the quo- 
tient arising from this part of the dividend can never equal a 
unit. 

With regard to the number of figures which would arise in' 
the quptient, from the bringing down of these figures: as we 
suppress in the divisor one figure before we cominence the 
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division of the remainder, when there is one, and as we put 
a figure in the quotient for each ^ure which we afterward 
suppress in the divisor, it is plain that this will produce the 
same number of figures in the quotient, as when we £vide 
in the common waj. 

TO DIVIDE A NUMBER BT A SINGLE nGUBEL 

Suppose we have 8645 to divide by 4, 1 place the num- 
bers thus : 

Dividend 
Divisor 4 | 8645 



2 16 U Quotient. 

After which I say : 4 is contained in 8 twice, I place 2 
under 8, then 4 is contained in 6 once, and 2 remains ; I 
write 1 under 6 and the remainder two together with the 4 
on the right is 24, then as 4 is contained in 24 six times, I write 
6 under 4; lastly 4 is contained in 5 once; I write 1 under 
5, and as there is a remainder of 1, 1 write i on the right, and 
I have 2161^ for the quotient of 8645 divided by 4. The 
same method for any other figure. 

TO DIVIDE ANT NUMBER BY FIVE, TWENTY-FIVE, etc. 

Separate by a comma one figure on the right of the given 
dividend, and multiply the whole by 2. If we have 82631 
to divide by 5, 1 separate the right-hand figure of the divi- 
dend thus : 8263,1 

2 



16526,2 
and having multiplied by 2, I have 10526,2, which is twice 
one-tenth of the given dividend, or one-fifth as was required. 
Performing the same operation as in the preceding example, 



thus : 

5 I 82G31 



16526J 
I have the same, quotient. 
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Also, if I have 743256 to divide by 25^ I separate twa 
figures on the right of the given dividend, and then multiplj 
, bj 4, thus 

7432,56 

4 



29730,24 

where having taken 4 times a hundredth part, I have a twen- 
tj-fifth part. To multiplj any number by JS. Place a cipher 
on the right of a given number, and divide by 2. If we have 
376023 to multiply by 5. I operate thus : 

2 I 3760230 

1880115 

where having taken the half of ten times the given number, 
I have five times, as was required. To multiply by 25. 
Place two ciphers on the right of the given number, and di- 
vide by 4. Thus, if we have 8964^3 to multiply by 25, we 
may operate as follows : 

4 I 89645300 

22411325 

where having taken a fourth part of a hundred times, I have 
25 times. ' * 

-r- By, is the sign of division, and signifies that the former 
of the two quantities between which it is placed, is to be 
divided by the latter. Thus, 24-7-6, shows that 24 is to be 
divided by 6, and is read twenty-four by 6, or twenty«four 
divided by six. The same thing is signified by the numbers 
being placed thus, V • 

EXAUPLES FOE PRACTICE. 

I 

1. 24^6=4, or V =4, either of which is read twenty- 
four by six equal to four. 

2. 5360,7^83,5=64,2. 

3. 2156,36—0,235=9176. 

4. 2634-^-0,5=5268. 

5. 739—0.25=2956. 

6. 739^2956, or ^ffv=0^^5. (73) 



60 BEZOUT'S arithmetic:. 

7. 353-r-^.824,or/^=0,125. 

8. I-M),125=:8, and 353-t-O, 125 =2824- 

10. 24X3-5-8=24. By this we see that the signs X and 
H-9 that is, that the operations of multiplication and division 
destroy the effect of each other : wherefore, as any number, 
having been multiplied and divided by the same number, ii 
not altered, we may, in all such cases, spare ourselves the 
trouble of the operation. 

11. 24X9-7-3=72. Here we may remark, that as 9, the 
number by which we mutliply, is Just three times the number 
3, by which we divide, the result 72 is just 3 times 24. Also 
if either of the numbers 24 or 9 be first divided by 3 and (he 
quotient multiplied by the remaining number, the result will 
be the same : thus, 24-7-3=8, and 8 X 9=72 ; again, 9-^3=3, 
and 24X3=72, which method of operating, when practica- 
Ue, is always the shortest. 

Or thus, 9=3X3, therefore, 24X9-*-3=24X3X3-r-3= 
24 X 3=72, because X 3-4-3 destroy each other, as in the pre- 
ceding example. 

If there be any two numbers, suppose 4 and 2f and if each 
of these be multiplied by the* same number, suppose 3, then 
the two products 12 and 6 are rnultiples of the two numbers 
4 and 2, also because the multiple 12 contains 4 as often as 
the multiple 6 contains 2 ; the numbers 12 and 6 are called 
equimultiples of the numbers 4 and 2. 

Now^ it may be observed of these two numbers, and the 
two equimultiples, that 12 contains G as often as 4 contains 2, 
that is, that 3 times 4 contains 3 times 2 as often as 4 con- 
tains 2. The same would be the' case with any other num- 
bers and any other equimultiples of those numbers. 

12. 8 X24-r-48=4. Here, as the number 48 can be divi- 
ded exactly by 24 or by 8, we may divide by either of them, 
and then divide the other by the quotient, the result will still 
he 4. Thus, 48-^-24=2, and 8-r-2=4, or 48-^8=6, and 
V =4. Or thus, as 48 =24 X 2, we have 8 X 24 to divide by 
3X24, and, according to what has been said above, as 24 

times 8 contains 24 times 2 as often as 8 contains 2, - : = 

24X2 

?=4; or,as 48=6X8, we have ?;^ =^=4. 

' 8X6 6 
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If a number divide the whole of another number and one 
of its parts, it will also divide the other part. Thus, 4 divides 
32 ; now, if any part be taken from 32, which is a multiple 
of 4, the remaining part will also be a multiple of 4, which 
will more clearly appear as follows : 32=4+4+4+4+4+ 
4+4+4 ; and if, as by the supposition, we take away a car- 
tain number of these fours, the remainder will'be a certain 
number of fours. Wherefore, if a number, &c. 

PROOF OF MULTIPLICATION AND DIVISION. 

74. We can draw from the definition which we have given 
of each of these two operations, the method of proving it. 

Since, in multiplication, wc take tlie multiplicand as many 
times as the multiplier contains a unit, it follows that if wc 
seek how many times the product contains the multiplicand, 
that is to say, (50,) if wc divide the product by the multipli- 
cand, we shall have the multiplier for the quotient ; and as 
we can take the multiplicand for the multiplier, and vice versa; 
in general, if we divide the product of a miUtiplication by one 
of its factors^ we shall have the other factor for the quotient* 

For example, having found above (50) that 2864 multiplied 
, by 6 gives 17184, 1 divide 17184 b> 2864; I ought to find, 
and I find, in effect, 6 for the quotient. 

In like manner, since the-quotient of a division shows how 
many times the dividend contains the divisor, it follows, that 
if we take the divisor as many time? as it is signified by the 
quotient, we shall reproduce the dividend, if the division has 
J)een made without a remainder; and that, in the case where 
there is a remainder, if w€ multiply the divisor by the quo- 
tient, and if to the product we add the remainder of the di- 
vision, we shall reproduce the dividend. 

For example, we have found (63) that 139492 divided by 
375 gives 505 for the quotient, and' 117 for the remainder. 
In multiplying 375 by 505, we find 189375, to which adding 
the remainder 117, we again find the dividend 189492. 

Thus, multiplication and division may serve to prove one 
another reciprocally. 

But we can verify these operations by a shorter method, 
which we are about to explain : we must not, however, on (hift 
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account neglect the reflections which we have made, as thej 
will be useful on many other occasions. 

PROOF BY NINE. 

75. Suppose that having multiplied 65498 by 454, and 
found that the product is 29736092, we would prove whe- 
ther the work be right. 

We add all the figures 6,5,4,9,8 of the multiplicand, as if 
they only contained simple units, and subtracting 9 as often 
as it is found in the sum, we have 5 for the remainder. 

We also add the figures 4,5,4, of the multiplier, and sub- 
tracting in like manner all the nines that this addition pro- 
duces, we have 4 for the remainder. 

We multiply the remainder 5 of the multiplicand by the 
remainder 4 of the multiplier, and from the product 20 we 
subtract the nines which it contains : there remains 2. 

If the product be exact, in adding all the figures 2,9,7,3,6, 
0,9,2, of this product, and subtracting all the nines, there 
should remain only 2 ; which in effect is the case. 

This rule is founded upon the principle that, to have the 
remainder of the subtraction of all the nines that a number 
contains, we have only to find the remainder that these 
figures, added as simple units, would give after the suppres- 
sion of the nines. 

In effect, if from a number expressed by a single figure 
followed by several ciphers, we subtract all the nines, the 
remainder will be expressed by that single figure. If from 
4000, 500, or 60000 you subtract all the nines, the remain- 
der will be 4, 5, or 6, etc. which is easy to perceive. 

The remainder then which we should find after the sup- 
presoion of the nines from a number, such as 65498 (which 
is the same as 60000+50004-400+ 90+ 8,) will be the same 
as that which we should find from 6+5+4+9+8 ; that is to 
say, the same as if we added these figures as containing sim- 
ple units. 

The application of this principle to the proof of the multi- 
plication, is as follows : 

Since 65498 is composed of a certain number of nines and 
a remainder of 5. and the multiplier 454 of a certain num- 
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ber of nines and a remainder of 4, it can only be from the 
product of 5 X 4, or 20, that the total product is not divisible 
bj 9 : there ought then to remain in the product of the two 
given numbers the same quantity as in the product of the 
two remainders, after the suppression of the nines in each. 

We could also perform this proof in the same manner by 
the number 3. 

With regard to division, it is easy to prove the operation, 
from what has been said (70.) 

Having taken from the dividend the remainder given 
by the division, we shall regard the result as a product of 
"which the divisor and quotient are factors, and consequently 
we shall apply the proof by 9, in the same manner as above. 

Strictly speaking, this verification is not- infallible; for if 
in the multiplication, for example, we had mistaken in some 
figure of the product, and if we had made an equal error, but 
in a contrary sense, in some other figure of the same product ; 
as that would not at all alter the remainder that we should 
have after the suppression of the nines, this rule would not 
discover the error; but as there must be, as we see, at least 
two errors, and two errors which balance, or at least which 
differ only by a certain number of times 9, the cases in which 
this verification would be faulty, will be very rare in practice.' 

SOME USES OF THE PRECEDING RULE. 

76. Division serves not 'only to find how many times one 
number contains another, but also to divide a number into 
equal parts. 

To take the half, the third, the fourth, the fifth, the twen- 
tieth, the thirtieth, etc. of a number, is to divide this number 
by 2, 3, 4, 5, 20, 30, etc., or to separate it into 2, 3, 4, 5, 20, 
30, etc. equal parts, in order to take one of those parts. 

Among many examples of this use of division, we choose 
the case in which we would find a mean quantity among se- 
veral others. Suppose that we would dig a canal through a 
certain tract of land, and that having taken the depth of cut- 
ting at ten different stations we have the ten following 
depths : 
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Stations. | Depth of CuttiDg. 



1 - - - 3,50 feet. 



f 

r 



Q 



3,00 



3 - - - 5,40 

4 - - . 6,2j 

5 - - - 10,7.5 

6 - - - 11,10. 

7 - - - 10,00 

8 - - - 8,42 

9 - . . 5,18 
10 - - - 5,40 



'Sum of the Cuttings, 69,00 



Average or Mean Cutting, - 6,9 



What we understand bj a mean quantity is what each 
quantity would be, if (their total value remaining the same,) 
the quantities were all equal. It is plain that if they were ail* 
equal, to have the value of each, we should have to divide 
their total sum into as many parts as there are quantities* 
We must then divide by ten: the quotient 6,9 is therefore the 
quantity or mean depth, which we style thus because it holds 
a species of middle between the others. 

Division serves also to convert the units of a certain kind 
into units of a superiour kind ; for example, a certain number 
of pence into shillings, and these mto pounds. To reduce 
5864 pence into shillings, we may remark, that since it re- 
quires 12 pence to make one shilling, as many times as there 
shall be 12 pence in 5864 pence, there will be so many shil- 
lings ; we must then divide by 12, and wc shall find 488 shil- 
lings and 8 pence remaining. To reduce into pounds the 488 
shillings, we shall divide 488 by 20, since there must be 20 
shillings to make 1 pound, and we shall have in all 24 pounds 
8 shillings and 8 pence. 

With regard to the dividing by 20, let us observe that when 
we have to divide by a number followed by ciphers, we can 
abridge the operation by separating on the right of the divi- 
dend as many figures as there are cipheifs ; we divide the part 
which remains on the left by the significant figures of the di- 
visor, and if there be a remainder, we place on the right of it 
the figures which we have separated ; this will give the total 
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remainder. For example, to divide 5834 by 20, 1 separate 
tbe last figure 4, and I divide by 2 the remaitiiDg part 583 ; I 
hare 391 for the quotient, and I for the remainder ; I place 
on the right of this remainder I the figure 4, tvhicb gives me 
ll4 for the whole remainder, so that the quotient is 291iJ. 
When we would have iu pounds and ehiUinge the twentietb 
f. a proposed number of pounds, we shall consider the bat 
s so many shillings, and take half of the other figures 
Irbich we shall consider pounds. If in taking this hall' there 
remains a unit, we shall count it for ten shillings in placing it 
a the led of the figure we first separated. For example, if 
^e would have the twentieth of 54673 pounds, we shall sepa> 
f irate the last figure 2, which we ahall count for 2 shillings; 
fc» and taking tbe half of 5467, which is 3733, with a unit re^ 
- maining, we shall write 2733 pounds 13 shillings ; the reason 
• of this rule is evident, from the consideration thai 54672/. is 
4660 pounds plus 13 pounds; now the twentieth of 54660 
licridentty 3733, and that of 13 pounds is 12 shillings, since 
e twentieth of a pound is a shilling. If there were shillings 
nd^ence in the proposed sum, we should neglect the pence, 
of which the twentieth part can never make a penny. With 
^ard to the shillings, we should triple them ; and taking the 
, we should consider the quotient as pence. Thus (he 
twentieth of 54672;. 17s. 7rf. is 2733^. 12%. lOrf. This mul- 
dplying the shillings by 3 and dividing by 5, instead of multi- 
plying by 12 and dividing by 30, is done upon the principle 

12 3X4 3 

that -r= =- which will be understood fiom what ha§ 

20 5X4 5 

]^o said above on the equimultiples of numbers. 



If no number can be found that will divide two of the given 
lumbers without a remainder, multiply thctn ail together, the 
iroduct will be the least common multiple 
When a number tan be found ihal will thus divide two or 
moreof them, divide by that number, then divide the quotients 
sod those of the given numbers, i f there be any, which could 
Hot be divided by the first divisoj, by any number that will 
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diride (,wo or more of them; proceed in this manner till do 
number can be found t,bat will any longer divide two or mocBy 
after which roultiptj 9II the divisors and remaining quotients, 
if there be any, the product will be the least common multi- 
pie sought. 

Example. 
Suppose that we would find the least common multiple of 
the numbers 2,6,7,14 : I place the numbers as follows : 
2 I 2,6,7,1 4 
7 I 1,3,7, 7 2X7X3 = 42 

1,3,1, 1 



and halving found that 2 will divide 2, 6, and 14, 1 therefore 
divide these numbers by 2, and I have the quotients 1, 3, aod 
7, which I place respectively under the figures divided: also, 
as 2 will not divide 7, I place it under the line together with 
the quotients found. 1 then seek in the suite 1,3,7,7 for two 
numbers which can both be divided by the same number 
without a remainder, and finding two sevens, 1 thereforf di- 
vide by 7, and I have the Suite 1,3,1,1, which can no longer 
be divided. I then multiply the two divisors and the remain- 
ing number 3, which gives me 42 for the least common multi- 
ple of the numbers 2, 6, 7 and 14. The three numbers 1,1,1 
are omitted, because the multiplication of them would not 
alter the product. 

It is evident in the above example that if we multiplj the 
first suite of quotients by 2, we shall reproduce the numbers 
divided ; also, because the 7 which was not divided is retain- 
ed, the product of the divisor 2 and the numbers 1,3,7,7 will 
b^ a multiple of all the given numbers. Again, for the same 
reason, the product of the last divisor 7, and the namben 
1,3,1,1, will be a multiple of the numbers 1,3,7,7 ; also, from 
what has been said of equimultiples, it is plain that if 21 be a 
multiple of any number, twice 21 will be the same multiple 
of twice that number. Therefore, the product 42 is a com- 
mon multiple of all the given numbers. 

Also, 42 is Jiie least common multiple of the numbers 
2,6,7,14, (or if not, let 41 be the least common multiple. 
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Tbea bj this supposition, 14 divides 41. Now 41 =22—13: 

then, bet anse 1 4 divides 4 1 , and the put 98, and because aiur 
^ . number which divides a number and one of its parts will ako 
^. divide the other part, 14 will therefore divide 13, which is 

absurd : wherefore 42 is the least common multiple. 

In the same manner, 84 is found to be the least cohubod 

multiple of 3, 14, 21 and 28. 

OF FRACTIONS. 

77. Fractions, arithmetical! j considered, are noaibers hr 
which we express quantities less than a unit. 

78* To form a just idea of fractions, we most coocdve 
that foe quantity first taken for the unit is ibelf composed of 
a certain number of snialler units ; as we conceive, for exam- 
ple, that the pound is composed of twenty smaller parts, call- 
ed shillings. 

One or more of these parts forms what is called a tnttm 
of a unit. We also give this name to the nambers wtncii 
repres^t these parts. , 

79. A fraction may be expressed in numben, in two wajf. 
which are both in use. 

The first consists in representing, as whole namben. the 

* parts of a unit which contain the quantity in q«se$tion ; bot 

then we give a particular name to these parts : tlnif , to tx* 

' press 7 parts of which we conceive 20 in the poorA we fbocU 

. employ the figure 7, but we should pronouixe 7 «h:niAgf, ajj^l 

we should write Is. This method of signift ir^g the parts of 

a unit is used in compound numbers, of which we flni! 

, ^ speak hereafter. 

80. But as this would require a particohr u^ hr tarit t^u 
vision which we could make of the unit, we avoid tf»is awlti* 
]^icity of signs in expressing'a fraction by two mimben 
placed otie under the other, and separated by a iir*e. Tbot^ 
to signify the 7 parts in question, we write jv ; that is to mj^ 
in general, we first write the number which signffies how 
many parts of a unit the quantity in question contain!, mi 
we write underneath this number that which fignifiei bow 
many of these parts we conceive the unit toitontaiiL 
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81 . And to read a fraction, we first read the upper number, 
which is called the numerator ; afterward the lower number^ 
which is called the denominator ; but we add to the name of 
this last the termination ths or eths : for example, to read -ff 
we pronounce seven-twentieihs ; to read \ we pronounce your- 
fi/ihs^ we should here understand four parts of which there 
mast be five to compose a unit. 

We must except from the general termination, the fractions 
whose denominator is 2 or 3, which are pronounced halves, 
thirds. Sbus the fractions ^, | are pronounced one^halfj two* 
thirds* 

83. The numerator then shows how many parts of a unit 
the quantity represented by the fraction contains ; and the 
"denominator makes known the value of these parts, in signi- 
fying how many such parts there must be to compose a unit» 
We give it the name of denominator, because it is in efifect 
the denominator which gives the name to the fraction, and 
nifbich in these two fractions, for example, | apd f , gives the 
name of fifths to the parts contained in the firsthand the 
aame of sevenths to those contained in the second. 

83. The numerator and denominator, are called also by a 
common name, the two terms of the fraction* 

OF WHOLE NUMBERS CONSIDERED UNDER THE FORM OF 

FRACTIONS. 

84. The operations which we make upon fractions often 
lead to fractional results, of which the numerator is greater 
than the denominator, for example, to results such as V'9 V) 
etc. 

These expressions are not properly called fractions, but 
they are whole numbers united to fractions. 

85. To extract the whole numbers which are contained in 
them, we mtSist divide the numerator by the denominator. 
The quotient will signify the whole units, and the remainder 
will be the numerator of the fraction which accompanies 

these units. Thus V ^>1' g^^^ ^h ^^^^ i^ ^^ ^^J) ^^ve whole 
units, and two-fifths of a unit. 

In effect, in |^e expression ^ , the denominator 5 shows 
f&xt the unit is composed of 5 parts : as many times then a$ 
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I lliere shall be 5 in 27, eo many w)iole units there will be m 
the value of the fraction V- 

. Let us here recollect that the expressioiiB V and 27-i-5 

I are the same. 

r We have seen iii multiplication, that the product of a num- 
ber by another number is equal to the sum of the products 
when all its parts are multiplied by thai number, whatever 
those parts may be: thus, for example, 146 = 100+40+6, 
and 146X6 is therefore equal to 100+40+6X6=600+240 

, +36 or 876. 

J Now it is evident, since 146 X6=876, that if we divide 
376 by 6 we ehall have 146 for the quotient; but instead of 
dividing 876 by 6, we will divide, severally, each of the parts 
GOO, 240, and 36, of which it is composed, by 6, and we shall 
have the three quotients 100, 40, and 6, now the sum of these 
quotientE is 146 : therefore when any number is divided by 
another number the quotient is equal to tbe sum of the quo- 
tients when all its parts are divided separately by that num- 
ber, whatever the parts may be intp which the number is 
divided. 

Hence if we had the cspression ^f'+'s^ + V' because 

k the sum of the three quotients, when each numerator is di- 

r vided separately by G, is equal to the quotient when the sum 
876 of the numerators is divided by 6, we first add all the 
numerators COO, 240, and 36 logelhcr, aud divide thi: whole 

\ by e. Also if we do not choose to perform the division we 
can leave it in tbc form of a fraction, thus 

876 



86. The mulliplica(ions and divisions of whole Bumbers 
connected with fractions, re<]ti]^ at least for the sake of 
facility, that we should convert these whole oumbers to 
fractions. 

We make this conversion in multiplying the whole num- 
ber, by the denominator of the fraction to which we would 
reduce this whole number. Foi example, if we would 
concert 8 whole units to fifths, we multiply 8 by 5, and we 
have V- In effecf, when we would convert 8 into fiOhs, we 
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regard the unit as being composed of 5 parts ; the 8 units will 
then contain 40 of these parts : in like manner 7$, converted into 
trinths, makes V? because the 7 converted into ninths isf 

and ^+lJ±tlJ^. Also 13|=V; 11|=V; 23i=4';i 
I08H=Hi'' arid 341ifT=HT^ 

or THE CHANGES WHICH MAT BE MADE IN THE TWO TEBM8 
OF A FRACTION, WITHOUT ALTERING ITS VALUE. 

87. It is plain, that the more we conceive of parts in the 
unit, the more there must be of th6se parts to compose a cer- 
tain quantity. 

88. We may then render the denominator of a fraction 
double, triple, quadruple, etc. without in the least changing 
the value of the fraction, provided that at the same time we 
also render the numerator double, triple, quadruple^ etc. 

fPe therefore say, in general, thai a fraction is not altered 
in its value when both its terms are multiplied by the scmie nunh 
her. ^ 

Thus, } is the same as 7; | the same thing as itlyifT; 
etc. 

89. By a similar reasoning, we see that the fewer parts we 
conceive in the unit, the fewer of these are required to com- 
pose a certain quantity ; and, consequently, we can, without 
changing the value of a fraction, render its denominator % 
3, 4,'etc. tinies less, provided that at the sanrie time we ren- 
der its numerator 2, 3, 4, etc. times less : therefore, in gene- 
ral, a fraction is not altered in value when we divide its two 
terms by the same number. 

To see distinctly the truth of these two propositions, it is 
sufficient to recollect ^bat jMlbe numerator and the denomi- 
nator of a fraction. *^*' 

iJk itif then remark, that to multiply or divide \he two 
tehns of a fraction by the same number is not to multiply or 
divide the fraction, since, as we have said, this does not alter 
its value. 

The two principles that we have established are the basis 
of the two following reductions, which are of great use. 
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■ 

■ REDUCTION OF FRACTIONS TO A COMMON DF^'OMINATOB. 

^, 90. 1st. To reduce two fractions to a commoo deDomi- 
nator, multiply the two terms of the first, each by the deoo- 
H minator of the second, and the two terms of the second each 
by the denominator of the first 

For example, to reduce to a commcm denominator the two 
^ fractions f, |, I multiply 2 and 3, which are the two terms 
of the first fraction, each by 4, denominator 5f the second, 
and I have j^, which (88) is of the same value as f . 

I also multiply the two terms 3 and 4, of the second frac- 

' tion, each by 3, denominator of the first, and I have j'j which 

' is of the same value as | ; so that the fractions | and | are 

r changed to j? ^J^^ t¥9 which are, respectively, of the same 

value as those, and which have each the same denominator. 

It is easy to see that by this method the denominator will 

always be the same for each of the two new fractions, §imee 

in each operation the new denominator is formed by the mal« 

tiplication of the two primitive denominators. 

91. 2d. If we have more than two fractions, we shall re- 
duce them all to the same denominator, in multiplying the 
two terms of each by the product resulting from the multi||li- 
* cation of the denominators of the other fractions. 

For example, to reduce to a common denominator the (cmr 

fractions f , |, |, f, I shall multiply the two terms 2 and 3 of 

, the first, by the product of the three denominators 4, 5, 7, of 

' the other fractions, which product I find in sajif^ 4 times 5 

are 20, and 7 times 90 are 140 ; I then molfiply 2 and 3 each 

by 140, and I have \\\j which is of the same valoe as % (88.) 

In like manner, I multiply the two terms 3 and 4, of the 

second fraction by the prodoc^ of 3, 5j 7, which product I 

form in saying 3 times 5 are IJ^I|ien 7 times 15 are 105 ; I 

then mnltiply 3 and 4 each by 105,^hich gives we^Hi ^ 

fraction of the same value as j. *' 

Passing to the third fraction, I multiply its two terms 4 and 
5 each by 84, the pj'odnct of the three denominators 3, 4, 
and 7, and I have f H, instead of |. 

Lfistly^ for the fourth, I multiply 5 and 7 each by the pro« 
dact 60 of Uie denominators 3, 4^ 5, of the three first frac- 
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tioD?) and I have f^t, instead of f ; so that the four frac« 
tiona f , I, J, 4, are changed to f H, |H, JH, I**, Ic" ■■ 
pie than those, it is true, but of the same value, and more lu- 
ceptible, by their common denominator, of the operationi of 
addition and subtraction. 

Let us observe, that as the denopninator of each new frac- 
tion is formed of the product of all the primitive denomina- 
tors, this new denominator cannot fail to be the same for 
each firtction. 

By the use of the sign X , the above operation is written 
concisely thus : 

3X4X5X7=420, the general denominator. 
Then, for each respective numerator, 
2X4X5X7=280, the first new numerator, or iiuLtof §, 
3X3X5X7=315, second - - - - ' - I, 

4X4X3X7=336, third |, 

5 X6,X 4X3=300, fourth f, 

and, placing each new nunierator over the common denomi- 
nator, the fractions are f U, Hir, Hh stnd iU. 

This rule may be presented under another form, which 
leads to the giving a more simple expression to fractions re- 
duced to a common denominator, when their primitive de- 
nominators are multiples one of another, or when they have 
a common measure. — Note. A common measure of two or 
more numbers is a number that will divide each of them with- 
out leaving a remainder ; thus, 3 is a comnrion measure of 
the numbers 6, 9, and 12. 

We will take for a common denominator tijp least number 
which is exactly divisible by each of the denominators of the 
proposed fractious ; that is, we shall take the least common 
multiple of these denominatorai the method for finding which 
has been given above; and lo 'have the numerator, which, 
for eadi fraction, will comport with this new denominator, 
we will m'ftltiply the given numerator by the number which 
shows how often its denominator is contained in the common 
denominator. 

For example, if I have the fractions |, f, |, i, y\, to re- 
duce to the same denominator. I take the least common 
multiple of all the denominators for a common denominator. 
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vrhicb, in this case, is 24, and as 24 contains the denomioar 
tors 3, 4, 6, 8, 12, as many times as are expressed by the fol- 
lowing numbers 8, 6, 4, 3, 2, I write, as is here seen, these 
mimbers each under its corresponding fraction. 

^ * V ^ i» 24 Common denominator, or 
Q a A c^ a ledMt common multiple. 

And multiplying each numerator by the corresponding 
figure in the lower line, I have i|, if, |f , /y, |f , for the 
fractions, reduced to the most simple common denominator. 

In the same manner, we find that f , f , and | are equivalent 
to H» l*j and H; that |, f , and | are equivalent to f f^^, iff, 
and §^ ; and, lastly, that |, f , |, and W are equivalent 

to /^«i mh ^m^ and H4|. 

.REDUCTION OF FRACTIONS TO THEIR MOST SIMPLE 

EXPRESSION. 

92* A fraction is so much the more simple when its two 
terms are reduced to smaller numbers. It is often possible 
to express a proposed fraction by smaller numbers, and that 
is the case when each of its terms can be divided by the same 
number ; as this operation does not alter its value, (89) it i^ 
a simplification which we ought not to neglect. 

The rule is as follows : 
. 93. We divide the numerator and the denominator each 
by 2, and we repeat this division as often as it can be per* 
formed exactly. 

We then divide the two terms by 3, and we continue to di** 
vide each by 3, as often as this can be done. 

We do the same thing successively with the numbers 5, 7, 
11, 13, 17, etc. ; that is to say^ with the numbers which have 
no divisor but themselve^) or a qnit, which we call frime 

The only difficulty in this case is to know when we can di** 
vide by 2, 3, 5, etc. 

We can, in this research, aid ourselves by the following 

principles. , 

94, Every number which terminates with a cipher is divr^ 
sihle by 2. 
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Every number, of which the sum of all the figureSf added 
together, as if they were simple units, is 3, or a multiple of 
3, that is to say, an exact number of times 3, is divisible hj 
3. For example, 54231 is divisible by 3, because fliese 
figures 5, 4, 2, 3, 1, make 15, which is five times tEree. 

The same is the case with the number, if the figures added 
together make 9, or a multiple of D. 

* The demonstration of this proposition is as follows : 

We can divide by 9 or by 3 any number of which the sum 
of the figures is dividble by 9 or by 3. 

Let the number be 1 8765, of which the sum of the figures 
is 27 : 27 being divisible by 9 and by 3, 1 say that 18765 is 
divisible by 9 and by 3. 

For 18765=10000+8000+700+60+5 ; 

10000=9999+1; 

8000=8 X 1000, that is to say (999+1)8, that is to ^sa; 
999X8 + 8; 

700=100X7, that is to say, (99+1)7, that is to say 99 
X7+7; 

60=10X0, that is to say (9X1)6 or 9x6+6 : 

The number 18765 is therefore equal to the sum of all 
the following numbers : 

9999 + 1 

999X8+8 

99X7+7 

9X6+6 

+5 

But each of the numbers 999 X8 ; 99 X7 ; 99 X6 ; is di- 
visible by 9 and by 3 ; and the sum of the numbers 1, 8, 7,6, 
5, which is 27, is also divisible by 9 and by 3 ; therefore, the 
sum of all these numbers is divisible by 9 and by 3, for if i 
number divide all the parts of another, it also divides' tint 
other number. Wherefore the number 1 8765 is divisible by 
9 and by 3. Therefore, etc. 

Every number terminated by 5 or by a cipher, is divisible 
by 5. 

With regard to the number 7 and those which foUow; 
though it be easy to find similar rules, as the search iriuch 



BEZOUT'S ABTTHMETIC. 7o 

they require ia as long as tbe divisioij, we should try the di- 
viflion. 

Let us propose, for example, to reduce the fraction |^{-* 
to its lowest terms. I divide the two terms bj 2, because 
the two last figures of each are even, and I have siH- * 
divide again by 2, and I have r^V's- 

What has been said above shows me that I can divide by 
3 i I divide and I have ^|S ; I divide again by 3, wbichgives 
"'^ tVt t JasDyi I try to divide by 7, the division succeeds, 
and gives me ^j, which can no longer be reduced. 

The reason why we prescribe to try the division only by 
the prime numbers 2, 3, 5, 7, etc. is that after having es- 
hausted the division by 2, for example, il is useless to try the 
division by 4, for if this could succeed, much more should 
the division by 2 stilt succeed. 

95. Of all the methods which we can employ to reduce a 
fraction to a more simple espression, the most direct is that 
of dividing the two terms by the greatest contmoR divisor: 
the rule for finding which is as follows : 

Divide the greater of the two terms by the less, if there 
be no remainder, the least term ts the greatest common di- 
visor. 

If there be a remainder, divide the least term by this re- 
mainder, and if tbe division leave no remainder, the first 
remainder is the greatest common divisor. 

if the second division give a remainder, divide the first re- 
mainder by the second, and coDtinue always to divide the 
preceding remainder by the last remainder, till you come to 
an exact division. 

The last divisor that you have employed will be the great- 
est common divisor, or greatest common measure of the two 
terms of the fraction. 

tf the last divisor be a unit, it is a proof that the fraction 
cannot be reduced. 

Let us take for eiample tbe fraction aSfJ- 

I divide 9024 by 3760 ; I have 2 for the cpiotient, and 1501 
for the remainder. 

1 divide 3760 by lii04 ; ! have 2 for the quotient, and 75" 
for the remainder. 
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I divide the first remainder 1 504 by the second reuaindei' 
752 ; the diyision is exact, and I conclude that 752 will & 
vide the two terms of the fraction m^ ^"^ reduce it to its 
most simple expression, which, in perfbrmitig the operatioii, 
I find to be /^. 

In effect, we have found that 752 divides 1504 ; it ought 
therefore to divide 3760, which, as we have seen, is composed 
of twice 1 504 plus 752 : we see also that it ought to divide 
9024, since 9024 is composed of twice 3760 plus 1504. 

We see besides that 752 is the greatest common divisor that 
3760 and 9024 can have; for there cannot be a common di- 
visor between 9024 and 3760, which is not at the same time 
the common divisor of 3760 and 1 504 ; and between these 
two there cannot be one which is not at the same time the 
common divisor of 1504 and 752 ; but it is evident thi^t be- ' 
tween these two there cannot be a greater common divisor 
than 752 : Wherefore, etc. 

* OTHERWISE 

To find the greatest common divisor of two numbers* Let 
the numbers, for example, be the two numbers 9024 and 
3760. 

Divide 9024 by 3760 ; the quotient will be 2, and the 
first remainder 1504. 

Divide 3760 by the first remainder 1504; the quotient wit) 
be 2, and the second remainder 752» 

Divide the first remainder 1 504 by the second remainder 
752, the quotient will be 2 without remainder. 

I say first that 752 is a common divisor of the two numbers 
9024, 3760. 

For, since 752 divides 1504, 752 will divide twice 1504, 
because if a number divides another, it also divides all its 
multiples. But 752 divides 752, and 752 divides 1504; 
therefore. 752 divides twice 1504 plus 752, that is to say, , 
3760 ; because if a number divides the two parts of another 
number, it also divides that other number. 

Since 752 divides 3760, 752 will divide twice 3760. But ' 
752 divides 1504 ; therefore 752 will divide twice 3760 plus 



BEZODTS AttlTHMETIC. 77 

1304, tbat is to say, 9024 ; wherefore 792 is a common divi- 
sor of the two numbers 9024 and 3760. 

I Gay also that 792 is llie greatest common divisor of the 
two numbers 9024 and 37CO. 

For if 752 be not the greatest common diyisor of the tw« 
numbers 9034 and 3760, a number greater than 792 will be 
tbegreatcst divisor of these two numbers. Let it be for ex- 
ample 753. 

Since 753 dirides 37C0, 753 will also divide twice 3760. 

But it divides 9024 ; therefore 753 will divide 1504, be- 
CHUse if a number divides another and one of its parts, it also 
divides the other, liie number 9024 being equal to twice 3760 
plus 1904. For the same reason, since 793 divides 1904, 
76S will divide twice 1504. But 753 divides 3760; there- 
[ fcre 753 will divide 752, because 3760 is equal to twice 
1504 plus 752, wherefore 753 will be contained one or more 
times in 752, which is absurd. Therefore 752 is the greatest 
common divisor of the Iwo numbers 902^ and 3760. 

Id the same manner as above, we shall find that il^,= 



96. The idea which we have hitherto given of a fraction is 
that the denominator shows of how many parts the unit is 
composed ; and the numerator how manj there are of these 
parts in the quantity expressed by the fraction. 

We can yet consider a fraction in another point of view : 
wc can consider the numerator as representing a certain 
quantity which ought to be divided into as many parts as there 
are units in the denominator. For example, in |, we may con- 
sider 4 as representing any four thin^^s whatsoever, 4 poundS; 
for esample, which arc required to be divided into five equal 
parte; for it is evident that it is the same thing to divide 4 
pounds into 5 parts, in order to take one of these parts, or to 
divide 1 pound into 5 parts, in order to take 4 of these parts, 
and in geneva\, a fraction sigmjies the quotient of the jivmtrato^- 
divided b;f the dmominat'jr. 
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97. We can then consider the namemtor of a fraotioQ 
a dividend, and the denominator as a divisor. From this «i 
see what the remainders of the divisions signify in the Sam 
which we have given them. (60) 

98. Hence it follows, Ist, that a whole number mayil' 
ways be expressed fractionally, in making this wbole numlNr 
the numerator, and giving it a unit for denominator; tbi 
8 is the same as {- ; 5 is the same as f , etc. 

99. 3dly. That to convert any fraction into decimals, le 
have only to consider the numerator as the remainder oft 
division where the denominator was the divisor, and consc* 
quently to operate according to what has been saidi (68, El 
2d.) observing first to put a cipher in the quotient in th 
placeof the units; thus we shall find that fin decimals it; 
0,6 ; |- is 0,555 etc. ; ^V is 0,04, etc. 

By this means we can reduce to decimals any proposed 
compound number. For example, if it be required to reduce 
4 pounds, IG shillings, 3 pence, 3 farthings, to the decimal 
of a pound, so as not to lose a half farthing, I observe that the 
pound contains 960 farthings, and consequently 1728 half 
^ftrthings ; we must then, not to lose a half farttiing, cany 
the exactness of the operation beyond thousandths ; that is 
to say as far as ten thousandths. 

This established, I reduce IGs. 3^d. all to fiirthings ; and I 
have 783 farthings or Hi of a pound, reducing this fractioD 
to decimals, as has been shown, we have 0,8156 and coo8^ 
quently 4,8156/. for the proposed number. 

100. We perform upon fractions the same operations aa 
upon whole numbers. 

OF THE ADDrriON OF FRACTIONS. 

f 01. If the given fractious have the same denominator we 
add all the numerators, and give to the sum the commoD de- 
nominator of these fractions. Thus to add ?, ^, f, I addflis 
numerators 2, 3, 5, aud consequently, I have V, which Iit- 
duce to 1^ (85.) 

This is done upon the principle that if a number be divided 
'jy any other number, the quotient is equal to the sum of the 
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quotients when each of its parts are separately divided by 
tiiat number. 

102. If the fractions have not a common denominator, 
we commence by reducing them to a com. denom. according 
to what has been taught (90) and (91,) after which we add 
these new fractions as prescribed above. Thus, if we pro- 
pose to add f , I, I, I change these fractions to these other 
three, |f , |^, ||, of whicn the sum is VV? which reduces to 
2*1 (85.) 

If we would find the sum of 5^, 2J, 3| : I first say 5+2 
+3=10, the sum of the whole numbers* Then (90) and 

(91) l4.I+^=l+!i+2?=-illi+^«i2«ol 

^ ^ 3^8^6 24^24"*" 24 24 ""24 24 

the sum of the fractions. Lastly, \0+2^^=12^x there- 
quired sum. Or, (86) 5i=V 5 2}=3^ ; 3|= V 5 then 
16 . 23 23 128 . 69 92 128+69+92 289 ,^1 
3 ^ 8 ^ 6 24 ^24^24 24 24 24. 

EXAMPLES FOR PRACTICE. 

i- i+l+*=lHandf+|+^=^i^/r. 

2. |+^+A=liHand|+f+|-ii. 

3. *+*+«+iV=2 and 5^+61 +7f =I9J 

4. 2i+U+3|+TVif=8and 101f+3l5f+Vi=417|i.. 
5- *+»+A+H=l and j\+i +H=1. 

OF THE SUBTRACTION OF FRACTIONS. 

103. If the two proposed fractions have the same deno- 
minator, we subtract the numerator of the one from the nu- 
merator of the other, and we give to the remainder the com- 
mon denominator. If we take f from f the remainder is |, 
which reduces to | (93.) 

104. If from 9j. we would subtract 4-J-, as we cannot sub- 
tract I from f , we borrow a unit from 9, which reduced to 
eighths and added to |, makes y , from which taking | there 
remains | ; after which taking 4 from 8 which remains after 
having borrowed, there remains in all 4} or 4f . 

Or, (86) 94= V 5 4|= V *en y — y = V=4| or 4|. 

105. If the fractions have not the same denominator, we re- 
duce them to a commondenominator (90) and (91) ,after which 
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we peri-rm iht 5'jbtractioa as haih been shown- Thus to 
uice ^ frorri ; I cha s'; th«e fractions to -^ and V'^, and tab* 
-ractinc! S fiOm 9, there remains yV- That is to say, 

3 2 C^ 3 ^3— S J_ 

In the 5ame manner we shall fitici that 4 — i="sr\ i — i^ |< 

OF THE ^rcXTIPLICATION OF FRACTIONS. 

100. To multiply a f ruction by cnorAfr fraction^ we nmi 
t/iuliipltf iht numerator of the om by th* numerator of tht 
othtr^ and tht denominator by thi dcno^minatorm For exam* 
pie, to multiply | bj f. we shall multiply 2 by 4, which will 
give 8 for the numerator; in like manner raaltipljing 3 b; 
5 J we shall ha?e 13 for the denominator, and consequently 
-/*y for the product. 

To understand the reason of this rule, we must recollect 
that to multiplv a number by another, is to take the multi- 
plicand as aiany times as the multiplier contains a umt 
Thus to multiply f by |, is to take | times the fraction |, or 
more exactly, it is to take four times the fifth of | : now, in 
multiplying the denominator 3 by 5, we change the thirds to 
fifteenths, that is to «ay, to parts which are five times less*, 
and in multiplying the numerator 2 by 4, we take these new 
parts four times ; we then take four times the fifth part of \ : 
which is in effect multiplying | by f. 

107. If we had a whole number to multiply by a fraction, 
or a fraction by a whole number, we should write the whole 
number in the form of a fraction, in giving it a unit for de- 
nominator: for example, if I have 9 to multiply by |, thfs 

will be ^-^=5* 

We see then that to multiply a fraction by a whole num- 
ber, or a whole number by a fraction, is to multiply the nu- 
hierator of the fraction by the whole number. 

108. If thcrc^ be whole numbers joined to fractions, w^ 
must, before we multiply, reduce each of these whole num- 
berrt to a fraction of the same kind as that which accompa- 
nies it. For example, if rri have 12| to multiply by 9|s I 
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change (86) the multiplicand, to V and the multiplier to V> 
and I multiply f ^ by V according to the above rule (106,) 
which gives me 4~^= 1 22^ J, 

We might also perform this same operation, by first mul- 
tiplying the whole number and t;he fraction of the multipli- 
cand by the whole number of the multiplier, and afterward 
by the fraction of the same multiplier, in the following man- 
ner : 



* 


91 




Product of 12 by 9 - 
of f by 9 . 
of 12 by f - 
of J by 1 . 


108 

- 51 

- 9 


8 
2 




122 


1 t 

■^0 



But this operation is generally less simple than the first* 
When we multiply several fractions, such as |, f , |, *, 
which have several of their numerators and denominators 
alike, we may suppress in each suite an equal number of 
these like numbers, thus : 

2X3X4+5 2 1 

3X4X5X6 ""e^S 

• • • 

This is done upon the principle that a fraction is not alter* 
ed when both its terms are multiplied by the same number, 
and therefore the multiplication of each term by the product 
of 3 X 4 X 5 would be superfluous. 

Examples. 

Suppose that we have r% to multiply by I4. 

2 .. 

9X26 _2 

13X27"~3 
• • • • 

3 
Having indicated the multiplication by the sign into, as 
usual, I find that the numerator 9 of the first fraction will dtr 

U 
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vide the denominator 27 of the second ; also, that 1 3, the de- 
nominator of the first, will divide 2C, the numerator of Ae 
second. I therefore divide and have | for the product* Ttis 
18 done upon the principle that the value of a fraction is not 
altered when both its terms are divided by the same number. 

Examples for Practice. 
1. |X3,VX2|Xl^J=63\and^Xf Xl4=7i, 
2- JX|XTVXl6i=3|HandT\X2fXi=l. 
3. 24X3=16 5 36XJ=27; 42X4 = 30 and 42X|=36. 
Let us observe, that if we have 27 to multiply by |, the 
product will be the same whatever value of | we multiply by. 
9 



• • 



mi, 27 2 9X2 ,« 2 6 18 . , .. 

Thus --X-=— — =18,now-=-=— , etc. and if we 
13 1 3 9 27 

1 

2 27 18 18 

multiply by this last value of - we shall have -r ^ 07== Y 

• • 
s: 1 8 as before, and the same for any other value. 

DIVISION OP FRACTIONS. 
109. To divide a fraction by a fraction^ zoe must invtrt the 
two terms of the fraction which is the divisor, and multiply the 
fraction which is the dividend by this fraction thus inverted. 

For example, to divide | by |, I invert the fraction f , which 
gives me |, I multiply ^ by | according to the rule given 
(106), and I have \%—^ or 1\ for the quotient of f divided 

by*- 

To perceive the reason of this rule, we must observe, that 
to divide | by | is to seek how many times | contains |^. Now 
it is easy to see that since the divisor is a third part of 2, it 
will be contained in the dividend three times as often as if it 
were 2; we mast then first divide by 2, and afterward multi- 
ply by 3, which is nothing else than to take three times the 
half of the dividend, or to multiply by |, which is the divisor 
fraction inverted. In the same manner, we find that |^-i-J = 

iHandi^~VV=H- 

t JO. If we had a fraction to divide by a whole number, or 
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a whole number to divide by a fraction, we should commence 
hy putting the whole number under the form of a fraction, 
in giving it a unit for a denominator : for example, if we 
have 12 to divide by 4, this is the same as to divide V by f , 
which, according to the rule we have given, is to multiply 'f 
by I, and this giv^ y or .16|. Likewise, if we had | to di- 
vide by 5, we should operate thus : |-t-5=|H-f=|Xi=iV« 

We see then that to divide a fraction by a whole number is 
to multiply the denominator by that number. 

111. If there be whole numbers joined to fractions, we re* 
duce these whole numbers each to a fraction of the same 
kind as that which accompanies it. 

For example, if we have 5^ to divide by 1 2|, we change 
the dividend to *J', and the divisor to Y> we have then *-p 
io divide by Vj ^bat is to say, (109) 2 p to multiply by ^j. 
which gives s-^J or 4yVo- 

SOME APPLICATIONS OF THE PRECEDING RULES. 

113. From what we have said (96), it is easy to perceive 
how we can find the value of a fraction. If we demand, for 
example, the value of 4 of a pound. Since f of a pound is 
the same thing (96) as the seventh of five pounds, 1 reduce 
the 5 pound^i to shillings (57), and dividing the 100 shillings 
which they give by 7, 1 find 14 shillings for the quotient, and 
2 for the remainder ; I reduce these 2 shillings to pence, and 
dividing 24 pence by 7, I have 3 pence ^. Therefore, the 
value of 4 of a pound is 1 4 shillings 3 pence and ^ of a 
penny* 

If we demand the value of 4- of 24 pounds, it is plain that 
we could first take as above the 4 of a pound, and then muhi- 
ply the result by 24 ; but it is easier first to multiply ^ by 24 
pounds, which (107) gives 'f» pounds, and then to find the 
value of this fraction, which is 17/. 2s. 10|(/. 

113. Decimal fractions, having no denominator, arc yet 
easier to estimate. If we demand, for example, the worth 
of 0,532 of a fathom ; as the fathom is G feet, 1 shall multiply 
0,532 by 6, which will give mc 3,192 feet; that is to say, 3 
feet and 0,192 of a foot ; multiply lug this last fraction by 12. 
to have the value in inches, we shall have 2,304 inches, (hnt 
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IS to say, 2 iDches and 0,304 of an inch; that is to saji tbe '^ 
▼alae of the fraction 0,532 of a fathom is 3 feet 2 inches and' 
0,304 of an inch. 

Reciprocally, to convert the inferiour orders of a proposed 
compound number to decimal parts of the principal unit, we 
must commence with the units of the least kind, and divide 
successively by the number which signifies how many times 
one of these is contained in a unit of the next higher order. 

Thus, in the preceding example, if I would bring bade 

fath. 3 ft. 2,304 in. to the decimal parts of a fiathom, I di- 
vide 2,304 inches by 12, which gives me 0,192 of a foot. I 
then have in all fath. 3,192 feet; and dividing these by 6, 

1 have 0,532 of a fathom. 

1 1 4. The estimation of fractions naturally leads us to speak 
of compound fractions. We style thus a succession of frac- 
tions) separated one from the other by the preposition of. 
For example, | of f , | of | of f , etc. are compound fractions. 
We reduce these to a single fraction, in multiplying all the nu- 
merators together and all the denominators together, the same 
as in multiplication; so that the fraction f of f is reduced to 
vV or J, the fraction | of J of f is reduced to i?!, or yV 

In effect, it is easy to see that to take |^ of | is nothing else 
than to multiply % by f , since it is to take | times the frac- 
tion |. In like manner, to take % oi % oi f , is to take ^\ of 
I, since | of f is equal to y^^ ; and what has been said shows 
that /j of I becomes i?|, or yV 

If we require the f of 5f , we convert the whole number 
5 to eighths, and the question is then to find the value of \ of 
V, which is VV, or 43V. 

Let us add to all that has been said upon fractions, an ex- 
ample which requires the use of several of the rules which 
we have established. 

Suppose that we would construct a vessel I40| feet in 
length ; that the distances between the ports, comprehending 
also the distance between the first port and the rabbit of tbe , 
stem, and the space between the last port and the rabbit of 
the stern, make 108| feet : we demimd whether we can pierce 
12 ports in the first battery of each side. 

From 140| feet I subtract 108| (103 and fol.;) there rt- 
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mains 3H? for the ports: I divide SlV^by 12: that bid 
Bay, H' by y (86) and (1 10), I have lor the quotieoi ff ?• 
which is eqaal to 2 feet and j^jt ^bis fractioD being eqa&!to 
7H inches, we must, therefore, give to each port 2 feti 7|| 
inches, that is to say, 2 feet S inches nearly, which is « mea- 
sure suitable for a yessel of 140| feet. 

115. When a fraction, expressed bv nTimben somewhat 
considerable, is not reducible bv the method ^.ven (?S.)^iid 
we can be satisfied with having an apf rcsirr.^:'' %^:ue. we 
obtain this by the following method, which <s:i£r..&t<iv give* 
fractions greater and le^s than the proposed iractioxi. &a*. al- 
ways nearer and uearer. so that at the laE* operaiioii we f^l 
upon the proposed fraction. Let u= t^kf . lor ^xamp J-.. :be 
fraction iff-Jff, which, as we shall see i:. geometry, ei preset 
the relation very nearly of ihe diameter of a circle to lU cir- 
cumference, and let us propose to express thi% fraction by 
other fractions less exact, it is true, but exprt:Esed by more 
simple numbers. 

Divide the numerator and the denominator by the nume- 
rator ; you will have "TTTTr? ^^ h^^e a first approximate 

value, neglect the fraction which accompanies 3. a&d you will 
have ^ for the first approximate value, bat tfaii is rather toe 
great. 

To have a more approximate val-je. divide ti.e numerator 
and the denominator of the fraction, which accomp^Mei >. 
each by the numerator of that fraction, ard yon niij hav^ 

- — ; — ; neglect the fraction which accorr:panieb 7. and jfyi 

7 t87 
14159 

will have — -, or (C6) 7--, or n05) -- . hi the secor.d valt!*::, 

which is nearer than the first, but rather too little. 

To have the value ypt nearer, divide the riumerator and 
the denominator of the fraction which accompanies 7, each 

by the numerator of that fraction, you will have ; — j— ; 

J — — 

7 -'- 
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itipprcss tfc^ fmhoB wiiieh tccofspwes 13. ukd yo« wil 

1 ' r*-"* 

fcavc — — which b-scotn-sa — ^. Taluc ?ti?l nearer, bat rafter 

> , . 3 3 J 
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too great. 

To have the vai je ve: ric^rer. diritie (he two terms of the 
fractioD which accoxpar^ies 15 e^ch b/ ihe cjiaerator 854| 

I 

and yoa will have ^^7 r~ ; neclcciiog the {racdon ^, 

vou will have for the valae still iiearer ]jl. bat which is 
rather too little. We now see how the opention might be 
coBtiDued. 

OF COMPOUND NUMBERS. 

116. Although the precedii)'^ rules might also 8er\'e to cal- 
culate compound nnmbers. we thirik. however, that we should 
consider these in a more particular manner, because the di- 
vision which we make of the principal unit often facilitates 
the calculation. 

There are many kinds of compound numbers, and the rules 
for calculating them depend much upon the division which is 
made of the unit: however, it is not necessary to examine all 
these kinds in order to be able to calculate them ; but it is of 
importance to know what relation their different parts have, f 
as well to each other as with regard to the principal unit ; for 
this reason, we here give the tables of the compound num- 
bers in general use. 

FEDERAL MONEY OF THE UNITED STATES 01 

AMERICA. 

10 milli* m. make - - - 1 cenf, c. 

J cents ... 1 dime, d. 

10 dimes (or 100 cents) - . 1 dollar, $. 

10 dollars - . - 1 eagle, £. 

Xote — Accounts are kept in dollars and cents. 



/* 
/■ 
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SI 



4 &L\ 

1? pence 
20 shilliogs 



BRITISH MONEY. 

qr. aiake 



1 ^eDojid* 
1 shiUiog, «. 
1 ppQjidjf* 



The farthings are written thus : 

I one farthing. 

I two farthings, or hal^ennj. 

f thpee ferthings. 

Table shomng the vcUue of the American and Spanish Dol- 
lar iti the currency of the different States^ and Briiish Do- 
minions, 



to 

-2 ! 

a 



^In New-Hampshire, 

— Maine, 

— Massachusetts, - 

— Rhode Island, - 
^— Connecticut, 

— Vii^nia, - 

— Kentucky, 
/ — Tennessee, 
\ — New- York, 

— North Carolina, 

— New -Jersey, 

— Pennsylvania, - 

— Delaware, 
•^ Maryland, 

I — - South Carolina, 
V, — Geoi^a, 
~ Canada, 

— Nova Scotia, - 
r-^ English, sterling, 

— Irish, 



8* d» '\ 



>6 



J 



]8 
y? 6 



m area 
rdollar. 



\ 



4 8 

5 

4 6 
4 101 



2-/ 



TROY WEIGHT. 
24 grains gr. make - 1 pennyweight, duot. 

20 pennyweights - - 1 ounce, oz. 

12 ounces - . i pound, /^. 

Gold, Silver, and Jewels, are weighed by this weight. 
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APOTHECARIES WEIGHT, 



30 graiDs gr. make - - 1 scruple, B 

3 scruples - - , - 1 drachm, S 

8 drachms - . .1 ounce, § 

12 ounces ... 1 pound, fb 

Apothecaries mix their medicines by this weight, but buj 

and sell bj Avoirdupois. 



AVOIRDUPOIS WEIGHT. 

16 drachms dr. make - 1 ounce, or. 
16 ounces 

28 pounds - - . 

4 quarters, or 112 pounds, 
20 hundred weight 
By this weight are weighed things of a coarse and dross; 
nature. Groceries, Chandlers' Wares, and all metala bat 
gold and silver. 



1 pound, lb. 

1 quarter, qr, 

1 hundred weight, czdI 

1 ton, T. 



1 inch, in* 
1 foot, ft. 
1 yard,yrf. 
1 rod or pole, j). 
1 furlong,/tir. 
1 mile, Jlf. 
t league, L. 
1 degree, deg* 



LONG MEASURE. 

3 barley corns b. e. make 
12 inches - . . - 

3 feet .... 
5^ yards - - . . 

40 poles 7 - - 

8 furlongs, or 1760 yards 
3 miles - . . 

60 Geographic, or 69i Statute miles 
360 degrees, the circumference of the earth. 
Note. A fathom is 6 feet, and is used only to measure tbe 
depth of water. 

A hand is 4 inches, and is used only to measure the height 
of horses. 

The surveyor's, or four pole chain, is used to measure dis- 
tances. 

Tj\\ inches make - - l link 

100 links, or 66 feet - - - 1 chain 

80 chains - - - . 1 mile. 

Long Measure is used where length only is considered. 
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CLOTH MEASURE. 



2^ inches in. make 
4 nails 

9i quarters, or 10 nails 

3 quarters 

4 quarters 

5 quarters 

6 quarters 



1 nai),n« 

1 quarter of a yard, gr, 

1 ell Hamburgh, E. H. 

1 ell Flemish, E. t\ 

1 yard, yd. 

1 ell English, E. E. 

1 ell French, E. /v. 



The name of this measure bespeaks its use. 

LAND, OR SQUARE MEASURE. 

144 square inches make - 1 square foot, ;$. F. 

9 r- feet - - - 1 — -— yard, S.ydL 

301 yards - - 1 pole, P. 

40 poles in length and one in breadth 1 rood, R. 

4 roods - - . 1 acre,' A. 

The surveyor's chain is used to measure land : 10 square 
chains are one acre. 

JSToU. — This measure respects length and breadth. 

SOLID, OR CUBIC MEASURE. 

1 728 solid inches make - - 1 cubic foot, C.F. 

^7 cubic feet - . - 1 yard, C.F- 

40 feet round, and 50 feet square timber 1 ton, T. 

FiFewood, 8 feet long, 4 broad, and * ) i ^a d C 
high, or 128 solid feet - > '^ ' * 

By solid measure are measured such things as have length, 
breadth) and thickness. 



LIQUID MEASURE. 



2 pints pts. make 
4 quarts 

31^ gallons 
42 gallons 
63 gallons 
84 gallons 

3 hogsheads, or 126 gallons 
2 pipes, or 252 gallons 

12 



1 quart, qt^ 
1 gallon, gal* 
1 barrel, bar* 
1 tierce, tier. 
1 hogshead, hhd. 
1 puncheon, j9t/n. 
1 pipe or butt, />•&. 
1 tQD^ f. 
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All Brandies, Spirits, Cider, Vinegar, Molasses, Oil, etc. 
are measured by this measure. Honey is sold by the pound 
AToirdupois. 

S31 cubic inches make a gallon, and 10 gallons make an 

anker. ' 

DRY MEASURE. 

2 pints, J9fs. 1 quart, qt. 

8 quarts 1 peck^ p. 

4 pecks 1 bushel, bush: 

36 bushels 1 chaldron of coal, ch. 

This measure is applied to dry articles, such as Ck>rff, 
Proit, Seed, Roots, Salt, Sand, Oysters, Coal, etc. 

TIME. 

60 seconds, sec. make 1 minute, m. 

60 minutes 1 hour, A. 
24 hours 1 day, d. 

7 days 1 week, w. 

4 weeks 1 month, mo* 
13 months, 1 day, and 6 hours, ) I common, or > 
or 365 days and 6 hours \ Julian year 3 ^* 

The odd six hours make every fourth year (which is called 
Bissextile, or leap year) one day more, and this is added to 
the 2d month (February,) giving it 29 days. But agreeably to 
the most exax:t observations, 365 days, 5 hours, 48 minutes, 
and 57 seconds, make a solar year. 

The year is also divided into 12 calendar months, which 
in number of days are unequal, as follows : — 

Mimes. Days. 

1st month, January, hath - - 31 

2d February, - - - 28 

3d March, - - - 31 

4th April, - - - 30 

5th May, - - - 31 

6th June, - - - - 3Q 

7th July, - ^ - - 31 
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8th month, August, - - - 31 

9th September, . - 30 

10th October, - - - 31 

11th November, • - 30 

12th December, - - - 31 . 

MOTION, 

GO secoD^s, " make - 1 prime minute, ' 

60 minutes - - 1 degree ^ 

30 degrees - . - i sign, s 

12 signs, or 360 degrees, make the whole circle of the 
Zodiac. 

ADDITION OF COMPOUND NUMBERS. 

11 7•^^9k|erform this operation, we write all the proposed 
numbe!!^ ufcraer each other, so that all the parts of the same 
kind may be found in the same vertical column -, and having 
drawn d line under the whole, we commence the addition 
with the parts of the least kind : if their sum does not com- 
pose a unit of the next higher order, we write it under the' 
units of its kind ; if it contain parts enough to compose one 
or more units of the next higher order, we write under this 
column only the excess of an exact number of units of this 
second kind, and we retain these to add them to their equals, 
upon which we operate in the same manner. 



We propose to add 



Example 


I. 




/. 


5. 


d. 


227 


14 


8 


2549 


18 


5 


184 


11 


n 


17 

- ^^ 


10 


7 



^979 15 7 Sum. 

The sum of the pence is 31, which contains 2 shillings and 
7 pence ; I place the 7 pence under the column of pence, 
and I retain the 2 shillings, which I add to the units of the 
shillings, the sum of which is 15 shillings, of this I set down 
the unit figure 5, and I. retain the ten to add 0; to the teni ; 



t 

/ 
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the flam of these is 5 ; and as there musttbe two tens of shil- 
lings to make^ne pound, I take the half of 5 which is 9, wifii 
1 for remainder; I set down this remainder, and I cftrry the 
two pounds to the column of pounds, which I add , as 
usual. 



We propose to add 



Example 1L 




A. 


R. P. 


S.yds. S„ 


• 3 


3 36 


26 8 


36 


2 27 


19 7 


46 


3 13 


25 B 


16 


3 35 


21 6 


25 


1 12 


12 4 




129 3 6 15 

Here the sum of the square feet is 30,-whicE^coftain8 S 
square yards, and there remains 3 feet ; I set-down 3, ft. and 
add 3 yards to the unit column of yards. I fifid that the sum 
of the yards is 106, and as 30} square yds. make a pole, I 
divide 106 by 30} or (86) by IXI, that is (106 add 109,) I 
multiply 106 by x|y, which gives me Ht=3 poles -/^V 

Now it is evident that if this fraction of a pole be reduced 
to yards it will stand thus, ^^j X ^^^ = V ==15¥ yds., the sura 
total then of the yards is equal to 3 p. 15} yds., wherefore 
1 have 15 yds. to write under yards, and 3 p. to carry to the 
unit column of the poles. But before I proceed to the ad- 
dition of this column, I shall take notice of the } of a yard 
which remained in dividing by 4. As it would be awkward 
to leave a fraction connected with the yards, while we have 
a lower denomination in the question, I reduce this fraction 
to feet in multiplying it by 9, which gives 2} fl. and adding 
this to the 3 feet which I first placed under the column of 
feet, I have 5} feet, which I leave under that column. 1 
then proceed to the addition of the poles, and adding the 3 
poles which I retain from the division of the yards, I find that 
the sum is 1 26, dividing by 40, because 40 poles make a rood, 
I have 3 roods 6 poles, I write 6 under poles, ^nd add S to 
the roodsi the suin of these is 15, dividing by 4, 1 have 3 acres, 
3 roods. I write the 3 roods under roods, and add the 3 acres to 



I 

the uttit col^BDfn of acres. Having completed tbe addition, 
'- the sanl totAl is 129 a., 3 r., 6 p., 15 sq^yds., 5 J 8q.f. (106.> 

SUBTRACTION OF COMPOUND NUMBERS. 

118. Write the proposed numbers under each other, as in 
addition, and Commence the subtraction by the units of the 
lowest order. If the lower number can be subtracted from 
tlie upper one, write the remainder underneath. If it can- 
not be subtracted, borrow from the next higher order a unit, 
which you will reduce to the order upon which you are ope- 
rating, and add to the number from which you cannot sub- 
tract. Do the same for each kind, and, when you-have been 
obliged to borrow, add a unit to the next higher order of the 
lower number, which is the same thing as if you diminished 
by a unit the number from which you borrowed. Lastly^ 
write each remainder, as it shall be found, under the number 
which gave it. 

Example I. 

/. S, dm 

From - 143 17 6 

we would take 75 12 9 



68 4 9 

As 9dL cannot be subtracted from 6 J. I borrow Is., which 
is 12 pence ; this added to 6, gives 18, from which taking .9, 
there remains 9 ; I then add is. to 12, which makes island 
subtracting this from 17, there remains 4 : lastly I subtract 
75/. from 143/., and there remains 68/. 





Example II. 




A. 


R. 


P. S.^ds. 


S.F. 


From - 129 


3 


6 15 


5i 


we would take 1 25 


3 


9 18 


H 



36 26 8 



Here, as I cannot subtract |=sf from |,J[ borrow a square 
foot, then (86)l-|-i=| and |—f=f, which I write under- 
neath. Having borrowed a unit from the 5 <$. F., instead of 
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diminishing this bj a unit, I add a unit to the 8, which makei 
9, then a^ I cannot take 9 fiUoi 5, I borrow a square yard, 
reducing this to square feet and adding it to the 5, I have 14, 
andtaking 9 from 14 there remains 5, which I write under 8. 
•Haying borrowed a square yard, I add 1 to 18, which oiakes 
19, and as this is greater tha^ 15, I borrow 1 pole^ which 
reduced to yards and added to 1 5, makes 45|, subtracting 
19, there remains 26| ; wherefore I write 26 underneath, and 
reducing J of a square yard to square feet, I have 2 J square 
feet ; this added to 6f gives 8 square feet, which I leave 
under tho column of feet. Having borrowed a pole, I add 
1 to 9 which makes 10, then I say not' 10 from G, but bo^ 
rowing a rood or 40 poles, I say 10 from 46 leaves 36, which 
I write underneath, and having borrowed a rood, I add 1 to 
3, which makes 4, then borrowing an acre or 4 roods, 4 from 
7 leaves 3, which I write under the roods : lastly I add 1 t» 
5, which makes 6, and 6 from 9 Jeaves 3, which being writ- 
ten underneath completes the operation. 
. This is a proof of the second example (1 1 7.) The num- 
ber subtracted from, being the sum total of the five numben 
added, the number Subtracted, the sum of the four last, and 
the remainder the first. 

3. Find the sum of 56 A. IR. 19P. SSyds. 8ft 7A. 2R. 

36P. 19yds. 3ft 49A. SR. 7P. 14yds. 7ft 15 A. 2R. 32P. 

26yds. 8ft., and 233A. IR. 29P. 12yds. 5ft.; after which 
prove by subtraction. 

MULTIPLICATION OF COMPOUND NUMBERS. 

119. We can always reduce the multiplication of com- 
pound numbers to the multiplication of a fraction by a frac- 
tion; the rule for which we have given (106.) For exam- 
ple,'to find the cost of 54 sq. yds. 6 ft. of work, at the rate 
of 9/. 4s* 6d. per square yard ; we reduce the amltiplicani 
9/.4f. 6cf. to pence (57,) which gives 2214 pence; and ai 
the penny is the 240th part of a pound, the multiplicand maj 
be represented by ^j^.* of a pound ; in like manner, we re* 
duce the multiplier 54 sq. yds. 6 sq.ft. to feet, which gives 
492 square feet; and as the square foot is the ninth part of a 
square yard, we have for the multiplier ^P of a square 



BEZOUT'S ARITHMETIC. 95 

yard ; so that the question is reduced to the multiplication 
of V4V by *|S or (93) and (94) ^^V by .'IS ^^ch (106) 
gives a77^6-.5£4.3 pounds, or (1 12) 504/. 6s. 

This method extends to all kinds of compound numbers ; 
but as it generally requires more calculation than that which 
we are about to explain, we shall not dwell upon it any 
longer. 

120. A number which is contained exactly in another num- 
ber is called an aliquot part of that other : thus, 3 is an ali- 
quot part of 1 2 ; the same may be said of 2, of 4, and of 6. 

Let us recollect, that to multiply is nothing else than to 
take the multiplicand a certain number of times : to multi- 
ply by 8|, for example, is to take the multiplicand 8 times, 
and to take it again 7 of a time, or to take the | of it. Now, 
we can take the J, either by taking the fourth and writing it 
three times, or by first taking the half, and afterward the half 
of this half; thus, to multiply 84 by 8|, I write, 

84 
8 

# 672 

42 half o( 84. 

21 half of 42, or one-fourth of G4. 



735 product. 

In multiplying 84 by 8, I have 672. Afterward, to take 
the I of 84, I first take the half, which is 42 ; after which, 
for the remaining fourth,! take the half of 42, which is 21 ; and 
adding these three products, 1 have 735^ for, the total pro- 
duct. 

121. To apply this to compound numbers, we must ob- 
' serve that the different kinds of units, inferiour to the prin- 
cipal unit, are fractions with regard to each other, and with 
regard to this principal unit; that, consequently, to multiply 
with facility these kinds of numbers, we must endeavour to 
divide them into aliquot parts of the principal unit, so that 
these aliquot parts may be employed conveniently; or to 
divide them into aliquot parts of each other ; and if this di- 
vision only furnishes aliquot parts which are inconvenient in 
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thtl c«lcul«tion% we supply the defect by false prodw 
we thuAl exhibit in the following examples. 

EXAMFU I. 

We d^iHViiud the cost of 54 sq» jJs. 4^ sq.ft. of 
the rele of ;|i'«5 per squan^ jeid. 

I cts. 
\\> enttil multtp^ - i^ 00 



!«:£ ir^ 



^ a ^^««ifK ^iM. «r a^ slir HbV n: jL^ir.. sue. m 



1 



'V 
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Note. In ordinary bosinesB, mills are not noticed waitsi tbej 
equal or exceed half a cent, in which case, we coani oee 

cent more. 

Example HI. 

If we have $72 
to multiply by S^ 3» lA^ 

36 

18 

9 



$A23 prodac:. 

Having multiplied by 5 art. we multiply by ^ ;% ajii 

ro this end we divide this number into 3 ^r. aihd I tt.; fer; 

jqr. we take the half of $72, which is ^3€ ; aod ioff I yr^ 

are take the half of 36 or the fourth of 73, whkb is U* A^ 

:udr which, to multiply by 14 Its. instead oi comparifig IbK 

> the hundred weif^ht, we compare them to the iftuter, toA 

\ they are half a quarter, we take the half #f Vc, the pfice 

Ta quarter, this gi%'es $9. Lastly^ having pefismed the «!* 

Cion, we ha?e ^423 for the product. 

1S3. If the multiplicand be also a compMmd MMiAer. wt 

oceed as in the foUowing example : 
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Example IV. 

If we have 72 6 6 

to multiply by, 27*^ 2^- 21*^' 



504 








144 






6 


15 





1 


7 








13 


6 


36 


3 


3 


9 





9| 


4 


10 


4J+I qr. 



2008 9 IH+^qr. 

We first multiply 72/. by 27. Afterward, to multiply 6 
shillings by 27, we divide these 6 shillings into 55. and 1^. 
X The 5 shillings being the fourth of a pound, ought, beii^ mul* 
tiplied by 27, to give 27 times the fourth of a pound or the 
fourth of 27/. which is 6/. 1 5s. To multiply 1 5. by 27, we 
observe that a shilling is the fifth part of 5, by which we have 
multiplied; therefore we take the fifth of 6 pounds 15 shilt 
lings, which is 1/. 75. 

With regard to the 6 pence, as these are the half of a ahilk^^ 
ling, we take the half of 4/. 7s. which we had for a shilling. 

So far the multiplicand is multiplied by 27. To multiply 
by 2 qrs. we take the half of 72/. 6s. Qd. which gives 362. 3s. 
Sd. 

Lastly, to multiply by 21/6. we divide this into 14/^^ and 
7/^. and as 14/6. is half a quarter, or the fourth ot^qrs. we 
take the fourth of 36/. 3s. 3d. which we had for ^qrs. ; the 
quotient is 91. Os. 9^d. also as lib. is the half of 14/6. we take 
the half of 9/. Os, 9|df. which gives 4/. \0s. 4^d,+^qr. and 
adding all these parts, we have 2002/. 9^. 11 ^.+15^. for the 
total product* 

123. Thus far the parts of the multiplicand, which it has 
been necessary to take, have been very easy to estimate ; but 
in the case when these parts would be compUcate, we should 
operate a? in the following example: 
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Example V. ^ \ 

At the rate of 34/. .10^. 2d. per square yard, what is 
the price of 1 lyda ? 



238 





34 




8 10 

• • • 

17 




• 




2 


10 



586/. 12/. lOJ. 
Having multiplied 34/. bj 17, and also the 10^. by 17« 
in taking the half of 17/. we multiply 2 J. which is th^ sixtb 
part of a shilling, and consequently the sixth part of the tenth 
part, or (114) the 60th part of 10 shillings; but instead of 
taking the 60th part of 8/. 10s. it is more convenient to make 
a false product, and first to take the tenth of the part given 
by 10 shillings, that is to say, the tenth of 8/. \0s, ; this tenths 
which is 17 shillings, is for 1 shilling ; but as 2 pence is onlj 
the sixth of a shilling, we bar this false product, and write 
the sixth of it underneath. Having performed the additioAi 
we have 586/. 12s. 10c/. for the answer. 

r Example VI. 

How much work should we have for 34/. 10^* 3J. at the 
rate of 1/. for l?sq. yds. ? 

We must multiply 17 square yards by 34/. 10s. 2</. ; that 
IS to say, we must take 17 sq. yds. as often as the pound is 
contained in 34/. lOs. 2c/. 

sq. yds. 
17 
34/. 10s. 2d. 



68'' 


yUs. Qa.ft. 


51 




3 



4-^ 

• • 

7 1 ,1 





111, 



586'-»<^ bl\^- 



i^nv^^v. 
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Thererore, we first multiply 17 eq. yds. by 34 ; afterward, 
to mohiply 17 yds. by 10^. we take the half of 17sq. yds.; 
because iOs. is the half of a pound, and we have 8sq. yds. 
4| sq. ft. To multiply by 2 pence* we seek, for greater faci' 
lity, what a shillinp^ would give, in taking the tenth of what 
10s. gave ; this tenth is C yds. 7|| feet ; we bar it, as it ought 
not to make a part of the product, but we take the sixth part 
of it to have the product of the 2 pence ; we write this sixth, 
which is Osq. yds. 1^^ sq. ft. uitdenieath, and, having added, 
we have 586 sq. yds. 6|^ ft. for the answer. 

We have given this example principally to confirm what 
we have said, (45) viz. that it would be important to distin- 
guish the multiplicand from the multiplier, when both are 
concrete. In effect, in the preceding example» as well as in 
this, the factors of the product are equally 1 7 sq. yd8% and 
34/. 105. 2d. ; yet the two products are different. 

Examples for Practice. 

1. What is the value of 216 bushels of potatoes, at 25.6(2. 
a bushel ? Ana. 27/. 

2. What will 103 bushels of apples come to at 35. 4 J. a 
bushel? Ans. 17/. 3s. 4d. 

3. What 18 the value of 177 yards of cloth at 6s. 8c/. a, 
yard? Ans. 601. 

4. How much will 369 bushels of wheat come to at 85. Ai 
a bushel? Ans. 153/. 155. 

5. How much will 20T, \5cwt. of hay amount to at ^16 50 
a ton ? Ans. ^342,37i. 

a. What cost 30 yards of satin, at 6s. 1 l|d. a yard ? 

Ans. 10/. 95. 4|d. 

7. What is the worth of 6374 yards of duck, at 3*. 6J</,a 
yard? Ans. 1122/. Is. d^d. 

8. What is the value of a farm, containing 156.4. SR. 14?. 
at the rate of j^26 25 an acre ? Ans. ^41 16,984+. 

9. How much does I4cwt, 3qr. 9lb, of sugar amount tost 
^/. 145. Id. a cwt. ? Ans. 40/. 95. 6d. nearlv. 
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DIVISION OF A COMPOUND NXMBEft BT A SOfRZ jqWHIf 

124. It the divideud akme be compoiuHL aod jf^ at 
same time, the 'dividend aud divisor coosb! of atiib af 
ent kinds, we first divide the principal units of the di 
^. ftccordiDg to the ordinar} rule: wSiat rt-imiKc afi^r ifai* divi- 
"^ aioo we reduce to units of the ^co: d order f 67 } U^cae we 
add to those of the same kind wf :b isiav be fr-iid a tk di- 
vidend, aod we divide the ahol- zi «im<I: is iike Mifiarr, 
we reduce the remaiaderof thi« uiti«iofi Ui ^laZi a/ tibf tkud 
kind.io which we add those cf ih^ sasM: kiwi wig^ch auv he 
found in the dividead. and we di«^:de tr*^ «bcr4e af ac^Mte: 
we continue to redut e the teitiaAt^rrr^ to arJu *ji :.W- 
kind, ae long as an) iuferioui kiiu; li foaud ub u« aif*deii«d« 



k;^. 



Example. 

We have given 4783/. a^. 9c/. for the pavmeiit of ^ aq* 
yds. of wock ; we demand bow much this cooaes to pea (qaave 

yard. 

/. Sm J. 

4783 3 9 I 87 
433 I 64/. I9r. 74/. 

85 



1 7035. 
833 
50 

600</. 
000 

We divide 4783/. 35. Oc/. by 87, in commeikci&g wilb the 
pounds* 

The 47Q3/. divided by 87, according to the ordinary role^ 
gives 64/. for the quotient, and 85 poonds for the remainder; 
these 85 pounds, reduced to i>hilling8 (57,) together wilh the 
3 shillings o{ the dividend, give 1703 shillings, which, divided 
bj 87, give f9 shillings for the quotient, and 50 shillings for the 
remainder ; these 50 shillings, reduced to pence, give, with 
9 pence of the dividend, 609 pence ; which, divided by 87, 






pS-. 
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give, finally, 7 pence for the quotient. We have, therefore, 
541. 19s. Id. for the answer. 

135* But if the dividend and the divisor consist of units 
of the same kind, we must, before we make the division, ex- 
amine whether the quotient should or should not be of the 
safme kind, which the nature of the question always decide! 

126. In the case where the dividend and the divisor beiii| 
of the same kind, the quotient ought also to.be of the same 
kind, the division is performed precisely as in the precediif 
case : for example, if we proposed this question — 1 243 pounds 
have produced a benefice of 7254 pounds, how much doa 
this come to per pound ? Ii is evident that the quotient 
should consist of units of the same kind with those of the 
dividend and the divisor; that is to say, should be pounds 
and that we should divide 7354 pounds by 1243 ; reducing th< 
remainder of this division to shiihiigs, as in the preceding 
example, and the second remainder to pence, we have hi 
165. BtVtV^* ^*^'' ^^^ answer to the question. 

127. But when the dividend and the divisor being of the 
same kind, the quotient should be of a different kind, we com' 
menceby reducing (57) the dividend and divisor each totk 
least kind of units mentioned in the dividend ; after whict 
we perform the division as in the preceding case, and we con* 
sider the units of the dividend as if they were of the saoM 
kind as those of which the quotient should consist : for er 
ample, if this question be proposed, how much work should 
be done for 7954/. lis. Id. at the rate of 72/. per square 
yard ? It is evident from the nature of the question, that the 
quotient should be square jards and parts of a square yard; 
therefore, according to rule, we reduce 7594/, 11^. 7d.to 
pence, which gives 1909099^/.; we also reduce 72/, to pence, 
which gives llzSOd. ; we then divide 1909099, considered as 
square yards, by 17280, and we have for the quotient 1 10 sq. 
yds. 4yV/7 ^* ft- ^^^ ^^^ answer. 

DIVISION OF A COMPOUND NUMBER BY A COMPOUND 

NUMBER. 

128. When the divisor is also a compound number, we 
must reduce it to its lowest denomination (57), and multipi; 
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the dividend by the number which shows how many there 
must be of the smallest units in the divisor to compose the 
principal unit of that same divisor; the division will then be 
reduced to the preceding case, where the divisor was simple* 

I 

EXAMFLE* 

If 53 cubic yards and 16 cubic feet of excavation cost 854/* 
17;. 4d. what is the cost of one cubic yard ? 

We must divide 854L lis. 4d. by 53 c. yd. 16 Ct ft. ; for 
this purpose, we reduce the 53 c. yd. 16 c. ft. to feet, which 
gives 1447 for the new divisor, and as there must be 27 feet 
to make a yard, which is the principal unit of the divisor, we 
multiply the proposed dividend 854/. 17^. 4d, by 27 (121), 
Tvhich gives 23081/. 8;. for the new dividend, so that we di- 
Yide as follows : 

2308 U. 8s. I 1447 
8611 I 15/. 19*. OjWt^* 

1376 



27528;. 
13058 
35 



420d. 

r 

Dividing 23081/. by 1447, we have 15/. for (be quotient, 
and 1376/. for the remainder. Then 1376/. reduced to shil- 
lings, together with the 8;. of the dividend, gives 27528;. 
"which, divided by 1447, gives 19;. for the quotient and 35 
shillings for the remainder. Reducing 35 shillings to pence, 
vre have 420 pence ; but as these do not contain the divisor 
1447, we place in the quotient, and signify the quotient of 
420 divided by 1447 by placing these numbers in the form of 
a fraction as usual : so that the cost of one cubic yard is 15(« 
Ids. Oj\^J>jd. 

To understand the reason of this rule, we must observe 
that the 53 c. yd. 16 c. ft. are equal to 1447 cubic feet, and 
that the foot being the ^\ of a yard, the divisor is ^|4'' cubic 
yards: now to divide by a fraction, we must (109) invert the 
divisor fraction, and multiply by this fraction thus inverted ; 
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we must (hen multiply by jUj, which requires that we should 
multiply by ^7, and divide by 1447, as is also prescribed hj 
the rule which we have given. 

As the division of a compound number by a comp6uod 
number is reduced, as we have seen, to the division of a com- 
pound number by a simple number, we should have the same 
regard to the nature of the units as m the articles (126) and 
(127.) 

ff 

Examples for Practice. 

1. If 216 bushels of potatoes cost 27/. what is that a 
bushel? Anst 2<. 6d. 

2^ If 103 bushels of apples cost 17/. 35. 4c{. what is that 
a bushel? Ans. 3^. 4 J. 

3. Bought 177 yards of cloth for 59/. what is that a yaid! 

Ans. Gf. 8</. 

4. Bought 20 T. 15 ml. of hay for ^342,371, what is the 
cost of a ton ? Ans. ^16,50. 

5. Sold 6374 yards of duck for 1122/. Is. 9^d. what was 
the price of a yard! Ans. 3^« 6|(/. 

6. If a parcel 4>f land containing \b^ A* 3/2. 14 P. be 
worth JIS41 16,984, what is the worth of one acre ? 

Ans. ^26,925 nearly. 

OF THE FORMATION OF SQUARE NUMBERS, AND THE 
EXTRACTION OF THEIR ROOTS. 

129. We call the square of a number the product which 
results from the multiplication of that number into itself; 
thus 25 is the square of 5, because 25 is the result of the 
multiplication of 5 by 5. 

130. The square root of a proposed number is the number 
which, multiplied by itself, would reproduce that same pro- 
posed number : thus 5 is the square root of 25 ; 7 is the 
square root of 49. 

"< s/ is the radical sign^ and when placed before a number 
signifies that the square root of it is to be extracted. Thus 
^49=7 is read the square root of forty-nine equal to seveD. 

131. A number which we square is then at the same time 
both multiplicand and multiplier ; it is then twice factor (42) of 
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the product; for this reason we also call this product or 
square i\ie second pomer of that number. 

M)te. — The number 2 is placed over a number to indicate 
its square or second power : thus 5^ is the square or second 
power of 5. Hence 2 is called the index. 

To square a number, no other art is required than to mul- 
tiply it by itself, according to the ordinary rules of multipli- 
cation : but the extraction of the square root requires a 
method, at least, when the number or proposed square con- 
sists of more than two figures. 

When the proposed number has only one or two figures, its 
root, in integers, is some one of the numbers 

1, 2, 8, 4, 5, 6, 7, 8, 9, 

the squares of which are 

1, 4, 9, 16, 25, 36, 49, 64, 81. 

The square root of 72, for example, is 8 for the whole 
number, because 72 being between 64 and 81, its root is be- 
tween the roots of these numbers, that is to say, between 8 
and 9, it is therefore 8 and a fraction, which fraction indeed 
we cannot exactly assign, but to which we can approach con- 
tinually, as we shall see shortly. 

132. The square root of a number which is not a perfect 
square, is called a surd, irrational^ or incommensurable num- 
ber, 

133. Let us proceed to numbers which have more than 
two figures. 

It is by observing what takes place in the formation of a 
square that we shall find the method which we should follow 
to obtain its root. 

To square a namber such as 54, for example : 

54 
64 



216 
270 



2916 
Having written the multiplicand and multipliien as we s<^ 

14 
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here, we multiply, as usual, the 4 above by the 4 belowt 
which evidently gives the aqwirt of the units. 

We afterward multiply the 5 above by the 4 below, which 
gives the product of the tens hy the units. 

We then proceed to the second figure of the multiplieri 
and we multiply the 4 above by the 5 below, which gives die 
product of the units by the tens, or (44) the product of th 
lens by the units* 

Lastly, we multiply the 5 above by the ^ below, which 
gives the square of the tens. 

We add these products, and we have, for the sqwue, the 
number 2916, which, as we see, is composed of ihe square of 
the tens, plus twice the product of the tens by the units^plus the 
square of the units of the number 54. 

134. What we have observed being an immediate conse- 
quence of the rules of multiplication, is not more particular- 
ly applicable to the number 54 than to any other number 
composed of te^s and of ynits; so that we can say univer- 
sally that the square of any number composed of tens and 
tmits contains the three parts which we have signified, namer 
ly, the square of the tens of that number, twice the product 
of the tens by the units, and the square of the units. 

135. This established, as the square of the tens is hun- 
dreds, (since 10 X 10=100) it is plain that the square of the 
tens cannot make a part of the two last figures of the total 
square. 

In like manner the product of the double of the tens mul- 
tiplied by the units, being consequently tens, cannot make a 
part of the last figure of the total square. 

13G. Therefore, from the square 2916, to return to i^ 
root, we can reason thus : 

Example I. 
2916 I 54 root. 
410 
104 



000 

Ut ua commence by finding the tens of this root : naw th^ 



.^ 



hi 
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« ibrmatioR of the square teaches os that there is in 3916 the 
Square of these tens, and that this square cannot make a part 
i»l of the two last figures : it is then in 29 ; and as the square 
Mot of 29 cannot be a whole number greater than 5, we 
Ml thence conclude that the number of the tens of the root is 5, 
■I which we place by the side of 2916, as above. 

We square 5, and subtract the product 25 from 29, there 
remains 4, to the side of which we bring down the two other 
■w figures 16 of the proposed number 291 6. 

To find the units of Ihe root, tet ua observe what the rc- 
^^MiiRder 416 contains; it only contains two parts of the 
^Bnre, namely, the double of the tens of the root, multi- 
^^ffied b| Ihe units, and the square of the units of this sajiie 
^roof. Of these two parts, the first is sutl'icient to enable us 
to find the units which we seek : for since it is formed of the 
double of the tens multiplied by »he units, if we divide it by 
, the double of the tens which we know, it ought (74) to give 
the units for the quotient : the question then is, in what pari 
of 416 is this double of the tens multiplied by the units con- 
tained ? Now, we have remarked above that it cannot make 
a part of the last figure ; it is therefore in 41 ; we must then 
divide 4 1 by Ihe double ( 10) of the lens found; wherefore, we 
write the double (10) of the tens found under4I, and dividing, 
the quotient 4 that we 6nd, is the number of the units, which 
We place on the right of Ihe 5 tens already found, so that 
the required root is 54. 

But we must observe that although the quotient 4 that wc 
have found, be in effect the true quotient, the quotient found 
in this way, might eomelimes be greater than it should be ; 
because 41 (that is to say, the part which remains after the 
separation of the last ligurc) contains not only the double of 
' B tens multiplied by the units, but also the tens arising 
tt the square of the units ; for this reason, to have no 
Abt with regard to the unit figure, we must employ the 
^Mowing veritication : 
Having found the figure 4 of the units, and written it in 
rUieroot.weplaceit by the side of the double (10) of the tens. 
ti^ich gives 104, all the figures of which we multiply succe?- 
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lively by the same number 4, and subtract the succeashre 
products from the corresponding parts of 416 : as there is 
no remainder, we conclude that the root is in effect 54. 

If any thing remained, the root would nevertheless be the 

true root in whole numbers, at least if this remainder were 

not greater than the double of the root, augmented by a unit: 

but this is not to be feared whilst we always take the greatest 

quotient. 

The verification here taught, is founded upon the forma- 
tion of the square itself; for, when we multiply 104 by 4, 
it is evident that^we form the square of the units and the 
double of the tens multiplied by the units, that is to say, that 
which completes the perfect square. 

137. From what has been said, we conclude that toex« 
tract the square root of a number which has not more than 
four figures, nor less than three, we must, after having sept- 
rated two of them on the right, seek the square root of the 
period which remains on the left; this root is the number of 
the tens of the whole root sought, and we write it bylbe 
side of the proposed number, separating it by a line. We 
subtract from that same period the square of the root found ; 
and, having written the remainder underneath this periodj 
bring down on the right of this remainder the two figures 
which we had separated. 

We separate by a point the unit figure of the period wbicli 
we have brought down, and we divide the remaining figures on 
tlie left by the double of the tens, which we write under- 
neath. 

We write the quotient by the side of the first figure of the 
root, and also carry it to the side of the double of the tens 
which have served for a divisor. 

Lastly, we multiply by this same quotient all the figures in 
this last line, and subtract their products in order as we find 
Ihem from the corresponding figures above. 

Let us complete the explanation of this by an example : 
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Example II. 

What is the square root of 7569 ? 

75,69 I 87 root. 
116,9 
167 



000 



I separate the two figures 69, and seek the square root ol 
75 ; itis ^, which 1 write in the root. I square i^ and sublnct 
from 75 the square 64 ; there remains 1 1, which 1 write under 
75 -, I then bring down b}' the side of this same 1 1 the figuree 
69 which I had separated. 

I separate in 11 69 the last figure 9, to have in 116 the part 
which I ought to divide in order to find the units. 

I form my divisor in doubling the 8 tens which I have 
found, and 1 write this divisor under 116, tbe divisiun gives 
me for the quotient 7, which I write in the root on the r^t 
of 8. 

I also cany this quotient to the side of 16 j I multiply each 
figure of the number 167 which forms the last line by this 
same quotient 7, and subtract the products as fast as I find 
them from 1169; there remains nothing, which proves that 
7569 is a perfect square, and the square of 87. 

138. We must observe, that we ought to divide by the 
double of the tens, the part only which remains on the left 
after we have separated the last figure, so that if it does not 
Contain the double of the tens, we do not on that account 
employ the figure separated ; but we write in the root. If. 
on the contrary, we find that the double of the tens is con« 
tained in it more than 9 times, we do not however place more 
than 9 in the root ; the reason of this is the same as for divi- 
sion.(66) * 

139. Having well understood what we have said upon the 
square root of nnmbers which have not more than 4 figures. 
we shall easily comprehend what should be done when the 
number of figures is greater ; seeing that of whatever number 
of figures the root may be composed, we may always con- 
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lider it as being composed of two parts, of which the one is 
tens and the other units ; for eiample, 874 may be consider* 
cd as representing 87 tens and 4 units. 

This established, when we have found the two first figures 
of the root by the method which we have exposed, we can 
also find the third by the same method, in considering these 
two first figures as only making a, single number of tens, and 
applying to them, in order to find the third, all that has been 
said of the first to find the second. 

In like manner, when we have found the three first figuies, 
if there should be q foiirth, we consider the thrte first as ouij 
making a single number of tens, to which we apply, to Gad 
the fourth, the same reasoning that we applied to ttie two fint 
to find the third, and so on. 

But to proceed with order, we must commence by dividing 
the proposed number into periods of two figdres ench, gdoDg 
from the right hand to the left ; the last on the left oay con- 
tain only one. 

The reason of this preparation is- founded apon this ; (bit 
considering the root as composed of tens and units, wefflost^ 
according to what has been said above, (135 and foi.) com- 
mence by separating the two last figures on the right, to bave^ 
in the part which remains on the left, the square of the tern; 
but as this part is itself composed of more than two SganSj 
a similar reasoning leads us again to separate two fifpires en 
the right, and so on. 

Let us give an example of this operation. 
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Example HI. 
What IB tbQ square root of 76807696 ? 

76,80^6,96 I 8764 root. 
128,0 
167 



iVtaafi 



1117,6 
1746 



7009,6 
17624 



00000 

Having •^separated the proposed number into periods of 
two figures each, going froip the right hand to the left, I seek 
the square root of the left hand period 76 : I find that it is 8, 
and I write 8 by the side of the proposed number : 1 square 
8 and subtract the square 64 from 76 \ 1 have for the remain- 
der 12, which [ write under 76 : tp the right of this i bring 
down the period 80, the last figure of which I separate by a 
comma ; and under the part 128, 1 write 16, the double of the 
root found : after which saying in 128. bow many times 16 ? I 
find that it is contained seven times ; I write 7 on the right of 
the root 8, and on the right of the double 16 ; f multiply 167 
by this same number 7, and subtract from 1280 the product 
of this multiplication; there remains 111, to the side of 
which. I bring down the period 76, which makes 11176; I 
sepai^te the last figure 6 of this number, and under the part 
1117 which remains on the left, 1 write 174, double of the 
root 87. I divide 1 1 1 7 by 1 74, and^having found 6 for the 
quotient, I write 6 in the root and by the side of 174 :^ I mul- 
tiply 1746 by this same number 6, and subtract 10476 from 
11176, there remains 700; to the side of this remainder I 
bring down 96, the last figure of which I separate ; under 
7009, which remains on the left, I write 1752, double of the 
root found 876. In dividing 7009 by 1752, 1 find for the 
quotient 4, which I write in the root, and by the side of the 
Rouble 1752: I niultiply 17524 by this same number 4, and 
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subtracting the product from 70096 there remains nothing, 
therefore, the square root of 768076% is exactly 8764. 

1 40. When the proposed number is not a perfect square, 
there is a remainder at the end of the operation, and the 
square root found is the square root of the greatest square 
contained in the proposed number ; in this case, it is not pos- 
sible to eitract the square root exactly ; but we can approach 
to it as near as vvv: v'mk proper, that is to say, so that the 
error which would result in the square may be less than any 
given quantity. 

This approximation is conveniently made by means of 
decimals. We must conceive on the right of the proposed 
number twice as many ciphers as we would have decimals in 
the root ; perform the operation as usual, and afterward sepa- 
rate by a comma, upon the right of the root, halF as many 
decimals as we have placed ciphers on tfie right of the pro- 
posed number. In efiect(54), the product of the mnltiplica- 
tion requiring as many decimals as there are in both the fac- 
tors tc^ether, the square (of which the two factors are equal) 
ought to have the double of the decimals contained in one of 
the factors ; ihat is to say, the double of those contained in 
the root. 

Example IV. 

We would have the square root of 87567 to less than a 
thousandth. 

To make thousandths, there must be three decimals ; we 
must then place six ciphers on the right of the square 87567: 
therefore, we must extract the square root of 875670000qo. 
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8,75,67j00j00,00 | 295917 
475 
49 



346,7 
585 



5420,0 
5909 

10190,0 
59181 



427190,0 
591827 



129111 

In performiDg the operation as in the precedii^ examples, 
we find for the square root, to within a unit, the number 
2959 J 7 ; this root is that of 87567000000 ; but as we require 
that of 87567, or of 87567,000000, 1 separate half as many 
decimals in the root as I have added ciphers to the square, 
which gives me 295,917 for the square root of 87567 within 
a thousandth. 

In like manner, if we require the square root of 2, to witfa- 
in^ a ten-thousandth, we shall extract the square root of 
200000000 which we shall find to be 14142; separating the 
four figures on the right by a comma, we shall have 1,4142 
for the square root of 2 to within a ten-thousandth. 

141. We have seen(106) that to multiply a fraction by a 
fraction, we must multiply numerator by numerator, and de- 
nominator by denominator ; ' consequently, to square a frac- 
tion, we must square the numerator and the denominator ; 
thus the square of | is ^, that of f is ||. 

1 42. Therefore, reciprocally to extract the square root of 
a fraction, we must extract the square root of the numerator 
and that of the denominator : thus the square root of /^ >s f , 
because that of 9 is 3, and ttiat of 16 is 4. 

143. But it may happen &at the numerator or the denomi- 
nator, or both, may not be perfect squares ; if the numerator 

15 



v» 



■T 
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only be not a perfect square, we tkall extract the approximate 

root by the mcthbd we have given, and having extracted tbe 

root of the denominator, we shall place it as tbe denominator 

to the root of the numerator ; thus if we would have the 

square root of f , we shall extract the approximate root of the 

numerator 2, which we shall find to be 1,4, or 1,41, or 1,414. 

or 1,4142, etc., according as we would have it more or less 

near ; and as the square root of 9 is 3, we shall have for tiie 

14 1 41 1 414 
approximate root of |, the quantity — , or -~-j or -t — J or 

1,4142 , 
J ,, etc. 

But if the denominator be not a square, we shall multiply 
the two terms of the fraction by this same denominator, 
which will not at all alter the value of the fraction) and will 
render the denominator a square ; we shall then proceed as 
in the preceding case. For example, if we demand tbe 
square root of |, we shall change this fraction to |^f : in ex- 
tracting the square root of 15 as far as three decimals, for 
example, we shall have 3,872 ; and as the square root of 35 
is 5, the square root of || will be-^^^^. 

144. Not to have many kinds effractions at a lime, we 
shall reduce the result Siipj., wholly to decimals, in dividing 
3,872 by 5, which will give Oj774 for the root of f , expressed 
wholly in decimals. (99) 

145. To conclude, if we have whole numbers joined to 
fractions, we reduce these whole numbers to fractions, (86) 
and operate as has been directed for a fraction. Thus, to 
extract the square root of 8f, we change 8| to V, and this 
(143) to V/, the approximate root of which we find to be 
X2112.2 or 2,903. 

146. We may also reduce to decimals the fraction which 
accompanies the whole number; but we must be careful to 
employ an even number of decimals and double of those 
which we would have in the root; because the prodoctof 
the multiplication of two numbers which have decimals^ re- 
Quiring to have as many decimals as there are in the two 
factors, (54) the square of a number which has dccimalsf 
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odght to have twice as many as that number. In applying 
this method to 8^, we transform it to 8,428571,(99) the root 
of which is 3,903, as above. 

1 47. In order to extract the square root of a decimal quan^^ 
tity, we should be careful to render the number of decimals 
even, if it be not so already ; this is done in placing on the 
right of these decimals 1, 3, or 5, etc. ciphers ; which does 
not alter the value of the given quantity. (30) 

Thus, to. extract the square root of 21,935, to within a 
thousandth, I extract the square root of 21^^35000^ which 
is 4,683 ; it is also that of 21,935. We shall also find that 
the square root of 0,542, to within a thousandth, is 0,736, and 
that the square root of 0,0054, to within a thousandth, is 
0,073. 

148. When we have found, by the method which has been 
explained, the three first figures of the root, we can hate 
many others with greater ikcility and promptitude by division 
alone, in tbid manner : 

Let us take, for example, 763703556823. I commence by 
seeking the three first figures of the root, according to the 
above method ; I find 873 for this root, and 1574 for the re- 
mainder; I place by the side of this remainder the two figures 
55'j following the part 763703, which gave the three first ' 
figures, I should place the three follotiring figures, if f had 
four figures in the root ; four if I had five, and so on. I di- 
vide 157455, which I then have, by the double 1746 of the 
root; I find for the quotient 90; these are two new figures 
to place on the riglit of the rootj which by this becomes 
87390. 1 square this root, and I subtract its square 7637012100 
from the part 7637035568, of which 87390 is the root ; there 
remains 23468. 

If I would have more figures in the root, as I have already 
five, I can, simply by division, find 4 ; 1 shall place, for this 
purpose, on the right of the remainder 33468, the two re*^ 
maining figures 23 of the proposed number, and two cipbersi 
and dividing 234682300 by the double 174780 of the root 
found, I shall liave 1342| for the four new figures which 1 
place ill Ihe root ; but in. dividing the proposed number into 
periods, in the ras^nner directed above, we see that its root 
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should odIt have six figures for the whole namber ; this root 'j 
therefore \s 373SH?1.3-s2, to within a thoasaDdtb. 

We couid. io general, carry the division one figore fiutiier,' 
that is to say. as far as the Dumber of figures in the root al- 
ready found : but there are some cases, though rare, where 
I he error io the last figure would be five units ; instead of 
•rhicb. ill limiting ourselves to one figure less, as we hare 
done, the last fi|:ure will never Tary a uniL 

If. after we have found the first figures of the root, by the 
ordinary method, the remainder be found equal to the donUe 
of the first figures, we must, to avoid all embarrassment, de* 
termine one more figure by the ordinary method, after which, 
we find the others bj the above method, which, as we see 
plainly, applies ako to decimals. 

If any of the intermediate figures of the root should be 
ciphers, in the case where these ciphers should be amoi^ the 
number of the figures which we find by division, it mi^thap* 
pen, if they ought to be the first figures of the quotient, that we 
should not perceive it, because in the division we do not mark 
the ciphers which ought to precede on the left of the quotient ; 
we obtain these ciphers by observing that we ought always to 
have as many figures in the quotient as we have placed on the 
right of the remainder ; and, consequently, when there are 
not enough, we must complete the number by ciphers placed 
on the left of this quotient. 

The abridgment, we have here given, is a consequence of 
this general principle, which is easy to deduce from what we 
have 8een,(134) namely, that the square of any quantity 
whatever, composed of two parts, contains the square of the 
lirst part, twice the first part multiplied by the second, and 
ihe square of the second. 

Examples for Practice, 

1. What is the square root of 16641 ? Ansu 129. 

2. What is the square root of 549,9025 ? Ans. 23,45. • 

3. What is the square toot of 8532769? Ans. 2921,09+. 

4. What is the square root of 12674062,804225 ? 

Ans. 3560,065. 
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OF THE FORMATION OF CUBE NUMBERS, AND T^E 
EXTRACTION OF THEIR ROOTS. 

149. To form what is called the cube of a number, we must 
first multiply that number by itself, and afterward multiply 
by that same number the product resulting from this first 
multiplication. 

Thus, the cube of a number is, properly speaking, the pro« 
duct of the square of the number multiplied by that same 
number: 27 is the cube of 3, because it results from the 
multiplication of 9, the square of 3, by the same number 3, 

The number which we cube is then three times factor in 
the cube ; it is for this reason that the cube is also called the 
third power ^ or third degree of this number* 

150. Universally, we say that a number is raised to its se- 
cond, third, fourth, fifth, etc. power, when we have multi- 
plied it into itself 1, 2, 3, 4, etc. times successively, or when 
it is twice, 3 times, 4 times, 5 times, etc, factor in the pro- 
duct. 

Note. — The numbers 2, 3, 4, 5, etc. are placed over a 
number to signify the second, third, fourth, fifth, etc. power 
of that number. Thus, 3^=9; 33=27; 3*~81, etc. 

151. The cube root of a proposed cube is the number^ 
wl^ich, multiplied by its square, produces this cube ; thus, 3 
is the cube root of 27. 

152. We have no need then of rules to form the cube of 
a number -, but to return from the cube to its root we must 
have a method. We shall deduce this method from the e:(- 
amen of what takes place in the formation of a cube. 

Let us observe, however, that we have no need of a me- 
thod to extract the cube root in whole numbers, but when 
the proposed number has more than three figures ;» for 1000 
being the cube of 10, every number under 1000, and, conse- 
quently, of less than four figures, will have for its root a num^ 
ber less than 10, that is to say, less than two figures. 
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The square of the'' 
tens, 

twice the product , . 
of the teDs by the '^^'"S tnultiplied 
units, y^y ^^^ *^»8, will^ 

I give 

The square of the 



units? 



tens. 

Twice the pro- 
duct of the square 
of the tens multi- 
plied by t(ie qniti. 

The product of 
the tens by the 
^square of the unite. 



Therefore, any number which shall fall between any two ; 
of these — 

1, 8, 27, 64, 125, 216, 343, 512, 729, 
will have its cube root, in integers, between the two corres* 
ponding nunrtbcrs of this suite : 

1, 2, 3, 4, 5, 6, 7, 8, 9, 
of which the first contains the cubes* 

153. Evcr> number has not a cube root; but #e can Ap- 
proach continually to a number which, being cubed, ap- 
proaches also nearer and nearer to the proposed nuuitor; 
this we shall see after having learned to find the root ttf a 
perfect cube. 

154. Let us sec then of what parts the cube of A nQmbef 
is composed which contains tens and units. 

Since the cube results from the square of a tiombtet totilti- 
plied by this same number, it is essential tp recoltect bhre 
(134) that the square of a number composed of tens tUnd tim(9, 
contains 1. the square of the tens ; 2. ttoice the pri}dtict of tkt 
tens by the units ; 3. the square of the units. 

To form the cube, we must then multiply these thr^e 
parts by the tens and by the units of this same number* 

To the end that we may perceive more distioctiy the pro- 
ducts which will thence result, let us give to this feigned 
operation the following form : 

1st. 

The cube of the 
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The square of "^ 
the tens, 



2d. 



being mul- 
, tiplied by 
^the units "^ 
: willgiY^ 



^ The prodqct of the square 
of the tenp multiplied by the 
units. 

Twice the product of the 
tens by the square of the units* 



The cube of the unitsi 



Twice the pro- 
duct of the tens 
by the unite, 

The square of 
the units, j \^ 

Therefore, in collecting these six results and uniting tik)8e 
which are alike, we see that the cubiQ of a number composed 
of tens and units, contains four partpi^ namely-^^^Aecuie of the 
tens, thrte tinua the square ofihe tens mt^tiplied by the units, 
three times the tens multiplied by the square of the units, and 
lastly, the cube cf the uniism 

Let us form, from this, the cube of a number composed of 
tens and units, of 43, for ei^ample : 

64000 
14400 
lOdO 
27 



79507, 

We will then take the cube of 4, which is 64 ; but as this 
4 is tens, its cube will be thousands; because 10^ = 1000 : 
therefore the cube of the four tens will be 64000. 

3X 16, or three times the square of the 4 tens, being mul- 
tiplied by the three units, will give 144 hundreds, because 
the square of 10 is 100; therefore the product will be 
14400. 

3 times 4, or three times the tens, being multiplied by the 
square 9 of the units, will give tens ; hence this product will 
be 1080. 

' Lastly, the cube of the units will terminate in the place of 
units, and will be 27. Uniting these four parts, we shall 
have 79507 for the cube of 43, which cube we should with^ 
out doubt have found more easily in multiplying 43 by 43, 
and the product 1849 again by 43 ; but it is not so much the 
question here to Jp^ the value of the cube, as to understand 
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by the examen of the parts which compose it, the method of 
retaining to its root. 

155. This established, see the process of the eztraction of 
the cube root. 

Example L 
Let it be proposed then to extract the cube root of 79507. 

Cube. I Root. 
79,507 43 
1 55,07 

48 

To have the part of this number which contains the cube 
of the tens of the root, I separate the three last figures of it, 
in which we have seen that this cube cannot be contained, 
since it is thousands. 

I seek the cube root of 79 ; it is 4, which I write in the 
root. I cube 4, and subtract the product 64 from 79 ; there 
remains 15, which I write under 7*. ■■,.- . 

To the side of 15 I bringdown 507, which gives me 15507, 
in which there should be 3 times the square of the 4 tens 
found, multiplied by the units which we seek, plus 3 times 
these same tens multiplied by the square of the units, plus 
finally, the cube of the units. 

I separate the two last figures 07 ; the part 155 wluch re- 
mains en the left contains 3 times the square of the tens mul" 
tiplied by the units ; for this reason, in order to have the units, 
(74) I shall divide this 155, by the triple square of the 4 
tens, that is to say by 48. 1 find that 48 is contained three 
times in. 155 ; I write therefore 3 in the root. 

To prove this root, and find the remainder, if there be any, 
we could compose the three parts which should be found in 
15507, and see if they form 15507, or by how much they 
difier from it ; but it is as commodious to make this verifica* 
tion in directly cubing 43, that is to say, in multiplying 43 by 
43, which pr idnces 1849, and multiplying this product by 
43, which gives finally 79507. 

Therefore, 43 is exactly the cube root. 

If the proposed number have more thaii six figures, we 
»hall reason as in the following example: 
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Example IL 
Let it beproposed to extract the cube root of 596947688. 

596,947,688 | 842 ^ 

849,47 

192 
592704 



42436,88 
21168 
596947688 



000000000 

We sbail consider its root as composed o£ tens and units, 
and for this reason we sball commence by separating the three 
last figures. 

The part 596947 which contains the cube of the t^ns, 
having more than three figures, its root will have more than 
one^ and consequently it will have tens and units. We must 
then, to find the cube t>f these first tens, separate the three 
figures 947. 

This done, I seek the root of 596 ; it is 8, which I write for 
the first figure of the root. 

I cube 8, and subtract the product 512 from 596 ; there 
remains 84, which I write under 596. 

To the side of 84 I bring down 947, which gives me 84947, 
the two last ^ures of which I separate. ^ 

Under the part 849, 1 write 192, which is the triple square 
of the root 8, and I divide 849 by 192 ; I find for the quotient 
4, which i write in the root. 

To verify this root^ and to have at the same time the re- 
mainder, I cube 84 and subtract the product 592704 from the 
number 596947; I have for the remainder 4243. 

To the side of this remainder I bring down the period 688^ 
and considerii^ the root 84 as a single number which signifies 
the tens of the root sought, I separate the two last figures 
68 of the period brought down, and divide the part 42436 by 
the triple square of 84, that is to say^ by 21 1 68 ; the quotient 
's 2> which I write on Ibe right of 84. -^ 

Jp; If 
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To verify the root 842, and to have the remaiDder, if there 
be any, I cube 842 and subtract the product 596947688 from 
the proposed number 596947688 : and as there remains no- 
thing, I conclude that 842 is the exact root of 596947688. 

We must again observe, 1. that in the course of these ope- 
rations we should never place more than 9 in the root. 

2. If the figure placed in the root be too great, the subtrac* 
tion cannot be performed ; we racist tiierefore climinish tbe 
root successively by 1,2, 3, etc. unils^ till the subtraction be- 
comes possible. 

When the proposed number is not a perfect cube, the root 
which we find is only an approximate root, and it is seldoo 
sufiicient to have it in whole numbers. Hence decimals are 
again of great use in carrjring the approximation as far as we 
please, without however enabling us' ever to obtain an exact 
root. . ' 

1 56. To approach as near as we would to the ciibe root of 
an imperfect cube, we must place on the right of thejImNMed 
number three times as many ciphers as we would BiMie deci- 
mals in the root, perform the extraction as in the prteeifiBg 
examples, and having finished the operation, we must sepa- 
rate by a comma, on the right of the root, as many figures is 
we proposed to have decimals^ 

' Example III. 

What is the cube root of 8755 to within a hundredth ? 

To have hundredths in the root, that is to say, two deci' 
mals, the cube or proposed number must have six ;(54) we 
must therefore place six ciphers on the right of 8755. 

The question then is to extract the cube root «( 
8755000000. 
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8,755,000,000 | 2061 



07,55 
8000 



7550,00 

1200 

8741816 



131840,00 

127508 

8764552981 



447019 

Pursaant to what has been said above, 1 separate tbu num- 
ber into periods of three figures each, going from the right 
band t|>wards the left 

I i&rtract the cube root of the last period 8 ; it is 2, which 
I write in the root. 1 cube 2 and subtract the product from 
8 ; I have for the remainder 0, to the side of which I bring 
down the period 755, of which I separate the two- last figures 
55 : under the remaining part 7, 1 write 12, triple square of 
the root, and dividing 7 by 12, 1 find for the quotient, which 
1 write in the root. 

I cube the root 20 ; this gives me 8006, which being taken 
from 8755 leaves 755, to the side of which I bring down the 
period 000, of which 1 separate two ^urcs on the right ; 
under the remaining part 7550 I write 1200, triple square of 
the root 20 ; and dividing 7550 by 1 200, the quotient is 0, 
which I write in the rooU 

I cube the root 206 and subtract the product from 8755000 ; 
1 have for remainder 13184 ; to the side of this I brin^ down 
the last period 000, the two last figures of which I separate* 
Under the remaining part 131840, I write 127:508, triple 
square of 206 the root found. 1 divide 18J840 by f 27 iOB ; 
the quotient is 1 , which I write after 206 ; I cube 206 1 , and 
having subtracted from 8755000000, Ihe product 87545521^8 i , 
the remainder is 447019* 
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« 

The approximate cube root of 8755000000 is then 3061 ; 
consequently that of 8755 is 20,61, since the cube has three 
times as many decimals as its root.(54) 

If we would carry the approximation farther, we should 
place three ciphers on the rigflt of the remainder, and con- 
tinue the operation as we did each time that we brought down 
a period. 

157. To multiply a fraction by a fraction, we mast multi- 
ply numerator by numerator, and denominator by denomina- 
tor; wherefore, in order to cube a fraction, we must cube 
the numerator and the denominator. Therefore, reciprocal- 
ly, to extract the cube root of a fraction, we must extract the 
cube root of the numerator, and the cube root of the deno- 
minator. Thus, the cube root of f ^ is |, because the cube 
root of 27 is 3, and that of 64 is 4. 

158« But if the denominator only be a cube, we shall ex- 
tract the approximate root of its numerator, and give to this 
root for a denominator the cube root of the denonunatofb 
For example, if we demand the cube root of ^f|; as the 
numerator is not a cube, I extract (he approximate root, 
which is 5,22, to within a hundredth, and extracting the root 

5 22 
of 343, which is 7, 1 have -^ for the approximate root of 

Ht ; ^^9 *" reducing it tck decimals, (97) I have 0,74^ for this 

approximate root, to within a hundredth. 

1 59. If the denominator be not a cube, we multiply the two 

terms of the fraction by the square of this denominator, and 

then the new denominator being a cube, we proceedxas has 

been said. For example, if we demand the cube root of .|, 

I multiply the numerator and^ the denominator by 49, the 

square of the denominator 7 ; I have |^|, which (88) is of 

5 27 
the same value as 4* The cube root of m is -^— ; or, in 

reducing it entirely to decimals, 0,75, to within a hundredth. 

If we had whole numbers joined to fractions, we should 
convert the whole to a fraction, and the question would then 
be reduced to the extracting of the cube root of a fraction, 
(157 and fol.) 

Also, whether there be whole numbers or not, we can re- 



BEZOUT'S ARITHMETIC. 



ii!i 



duce the fraction to decimals; but we mu^t be careful to 
carry tbis reduction to three times as many decimals as we 
would have in the root. Thus, if we would dud the cube 
root of 7-j\, to within a thousandlli, we change the fraction 
y\, to 0,272727272; so that tft have the cube root of Ify, 
we extract that of 7,272727272, which we find to be 1,937. 

IGO. To extract the cube root of a number which has de- 
cimals, we must prepare it by a sufficient number of ciphers 
placed on the right, so (hat the number of its decimals may 
he 3, 6, or 9, etc. ; we then extract the root as if there were 
no comma ; and having performed the operation, we separate 
on the right of the root, by a comma, one-third of the num- 
ber of decimals in the proposed quantity : and if the root 
have not a sufficient number of figures for the execution of 
this rule, we supply the defect by ciphers placed on the left 
of this root. Thus, to estracl the cube root of 6,54, to with- 
in a thousandth, 1 place seven ciphers on the right, and ex- 
tract the cube root of 6540000000, which is 1 870 ; I separate 
three Ggnrea, because there are nine decimals in the cube, 
and I have 1,870, or simply 1,87, for the cube root of C,54. 
We shall also find that the cube root of 0,0006, to within a 
hundredth, is 0,0Q. 

161. When we have found the four first figures of the cube 
root by the method which we have explained, we can find 
others more promptly by division, and that in the following 
manner : 

Suppose we demand the cube root of 5264G2783272345G ; 
i seek the four first figures of it by the oriiiuiry method i 
Ibey are 1739, and the remainder of the operation is 5681413 ; 
bj the side of this remRindcr, I place the two figures 
which follow the part 52G4627832, which gave these four 
first figures. I should place the three,figure5 which follow 
tbis same part, if the root found had five figures, and four if 
it had six. 

I divide 568141372 by 9072363, triple square of the root 
1739; I have for the quotient 62, and these are two new 
Bgures to place on the right of 1739; so that 173962 in, i 
whole numbers, the cube root of the proposed number. 

If we would carry it farther, we cube this root, and having 
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subtracted the product from the proposed number, we place , 
on the right of the remainder four ciphers, and dmde the 
whole by the triple square of 173962, which gives four deci- 
mals for the root. > 

We shall here make the same observation which we made 
(148) upon the case where the division does not give as manj 
6gures as it ought to give. And in these divisions, we will 
avail ourselves of the abridged rule given 69 and following. 

* It is impossible to find exactly the square root of the 
numbers which are not the squares of the nambers 1, 3,3, 
4, 5, 6, etc. 

Let us take, for example, the number 7. Since the root 
of this is greater than 2, and less than 3, this root, if we cooU 
find it, would be equal to 2 plus a fraction. Let as reduce 
the whole mimber to a fraction, let us add this fraction to 
the first, and reduce the fraction, which results from this ad» 
dition to its most simple expression. Since the numerator 
and the denominator are prime one to the other, (that is to 
say, since one is not a multiple of the other,) the square of the 
numerator and the square of the denominator will be prime 
to one another.! Hence, the square of the denominator will 
never be a divisor of the square of the numerater : the que- 
tient then of the division of the square of a numerator by 
the square of a denominator will never be a whole number; 
therefore, it is impossible that the square of this fraction 
should be equal to 7. 

We might, in the same manner, demonstrate that it is im- 
possible to find exactly the third, fourth, fifth, etc. roots, of 
the numbers which are not the third, fourth, fifth, etc. powers 
of the numbers !, 2, 3, 4, 5, 6, etc. 



t. To prove the above position, that when two nambers are prime to one ano- 
ther, their sqnares are also prime to one another, let us take any two sndi 
numbers, for example 8 and 3 ; then, because 8 is not a multiple of 3, 1 saj 
that the square of 8 is not a multiple of the square of S, that is to say, that 64 
is not a multiple of 9. For^ if 64 be a multiple of 9, it will also be a multiple 
of 3, since 9 is the square of 3 : now, if a number divide another and one of 
its parts, it will also divide the other part ; but 3 divides 64, and it also divides 
63, therefbre, k divides 1, which is absurd. Therefore, 64 is not a multiple 
of 9, 
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Js'ou. — The third, fourth, fifth, etc. roots are eKpresaed by 
placing the numbers 3, 4, 5, etc. over the radical sign; thus 
^37 signities the cube root of 27; {/IG the fourth root of 
16, etc. 



Divide the proposed number into periods of four, five, or 
six ftgureg, ID goiag from the right baud towards Ihe left ; the 
root wilt have as manj figures aa ihert shall be periods. 

This might be demonstralcd b^ reasons eiimilar to those 
which Bezoiit has given for the square or cube roots. 

Let us take, for example, the number I li.,2415jI351,9296. 
Divide (his number into periods of four figures, going from 
the right hand towards the left -, this number having four pe- 
riods, its root will have four figures. 

To have the figure of the thousands of the root, raise 2000 
to the fourth power ; if the fourth power of 2000 be greater 
than the proposed number, the figure of the thousands will 
be 1 ; if the fourth power of 2000 be less than the proposed 
number, raise 3000 to the fourth power; if the fourth power 
of 3000 be greater than the given number, the figure of the 
thousands will be 2 ; and if the fourth power of 3000 be less 
than the proposed number, raise 4000 to the fourth power ; 
the fourth power of 4000 being greater than the proposed 
number, the figure 3 is the tigure of (he thousands. 

To have the figure of the hundreds, raise succeseively 3100, 
3200, 3300, etc. to the fourth power, until jou find a power 
less and a power greater than the proposed number. But the 
fourth power of 3!200 is less than the proposed number, and , 
tBe fourth power of 3300 is greater than the proposed num- 
ber. The figure of the hundreds then is 2. 

If the fourth power of 3 1 00 had been greater than (he pro- 
posed number, it is evident thatthe figure of the hundreds 
would have been a cipher. 

We should find in the same manner the figure of the tens 
and of the nnits. 

If we would have decimals, we add as manv limes foni' 
':ipherg as we would have decimals. 
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Bjr similtr reftioniiigB, we should arriTe at ibe estractioa of 
the fifth, sixth, etc. root of a proposed namber. 

OF RATIOS, PR0P0RT10N8, AND PROGRESSIONS, AND OF SOME ' | 

RULES DEPENDINO UPON THEM. | 

1 63. The words poHo and relaium have the same ugmfict-' 
tioR in mathematics, and both ei^ress the result of the com- 
parison of two quantities. 

163. If in the comparison of two quantities, we have 'm 
view to know by how much the one surpasses tiie other, or is 
surpassed by it, the result of the comparison, which is the 
difference of the two quantities, is called arilhmeiical rtUt^ 

. Thus, if I compare 15 with 8, to find their difierence 7, 
this number 7, which is the result of the compariaon, is the 
arithmetical relation of 1 5 to 8. 

To show that we compare two quantities in dus manner, 
we separate the one from the other by a point; so Aat 15,8 
shows that we consider the arithmetical relation id 15 to B* 

164* if in the comparison of two quantities, we purpose 
to know how many times the onjc contains the other, or is 
contained in it, the result of this comparison is called their 
geameirical relation. For example, if I compare 13 to 3 to 
know how many times 1 3 contains 3, the number 4, which ex- 
presses the number of times, is the geometrical rado of 12 
to 3. - 

To show that we compare two quantities in this sense, we 
separate the one from the other by two points ; this expres- 
sion 13:3 shows that we consider the geometrical relation of 
13 to 3. 

165« Of the two quantities that we compare, that which ' 
we read and write first is called anttcedtrUj and the second is 
called consequent. Thus in the ratio 13:3, 13 is the antece- 
dent, and 3 is the consequent : both are called terms of tfie 
ratio. 

166. To have the arithmetical -relation of two quantities, 
there is then nothing else to do than to subtract the less from 
(he greater. 
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l(i7. And to have the geometrical ratio of Iwo qtiaDlitiea. 
we must divitle the one by the othei'. 

168. We shall henceforth estimate this ratio in dividing 
the antecedent by the consetjuent : thus the ratio of 12 to 3 
13 4, and the ratio of 3 to 12 is -^^ or |. 

1G9, An arithtnetical relation is not changed when we add 
to each of its two terms, or when we subtract from each the 
same quantity, because the difference iu which consists the 
relatioD is always the same. 

1 70. A geometrical ratio is not clianged when we multiply 
or when we divide each of its two terms by the same number ; 
for the geometrical ratio coiisiating (168) in the quotient of 
the division of the antecedent by the coosequent, is a frac- 
tional quantity which (fiS) cannot alter by the multiplication 
or the division of its terms by the same number. Thus the 
ratio of 3 : 12 is the same as that of 6 ; 24, which we have in 
multiplyii^ the two terms of the first by 2 ; it is the same as 
that of 1 : 4, which we have iu dividing each by 3. 

171. This property serves to simplify the ratios. For ex« 
ample, if 1 had to examine the relation of 6^ to I0|, I should 
say, in reducing all to fractions, this ratio is the same as thai: 
of */ to =y, or in reducing to a common denominator, the 
same as that of }^ to YVt Q' finally suppressing the denomi- 
nator 12, which is the same as to multiply the two terms of 
the ratio by 12, this ratio is the same as that of 81 to 128. 

172. When four quantities are such that the ratio of the 
two first is the same as the ratio of the two last, we say that 
these four quantities form a proporlion ; and this proportion is 
arithmetical or geometrical, according as the ratio which wc 
there consider is arithmetical or geometrical. 

The four quantities 7, 9, 12, 14, form an arithmetical pro- 
portion, because the dilVerence of the two first is the same 
- as that nf the two last. To signify that they arc in arithme- 
tical proportion, we write them thus, 7.9: 12.14, that 
is to say, wc separate by a point the two terms of cacli 
ratio, and the two ratios by two points. The point which 
separates the two terms of cacli ratio, signifies is la ; and 
Hic two points which separate the two ratios, signify an; fo 
17 



^^^ 



130 B£ZOUT S ARlTUSOilTiC. 

that to read Ibe proportion thus written^ we say, 7 is to 9; a? 
12 is to H. 

The four quantities 3, 1 5, 4, 20, form a geometrical pro- 
portion, because 3 is contained in 15, as 4 is contained in 20. 

To signify that they are in geometrical proportion, we 
write them thus, 3 : 1 5 : : 4 : 20, that is to say, we separate 
the two terms of each ratio by two points, and ' the ratios bj 
four points. The two points signify is to ; and the four poiots 
dignify as ; so that we say 3 is to 1 5, a« 4 is to 20. 

It must be observed simply that, in the arithmetical pro- 
portion, we precede the word as with the word aritkmii' 
valty. 

173. The first and last terms of the proportion- are called 
the extremes ; the 2d and 3d are oalled the means-. 

As there are two ratios, and consequently two antecedents 
and two consequents, we say, for the first ratio, Jirsl ontecc- 
dcnt^ first conseqiient ; and for the second, second aniecedaUf 
second consequent. 

174. When the two mean terms of a proportion are equal, 
the proportion is called continued : 3 • 7 : 7 • 11 forms acon- 
tinued arithmetical proportion : we write it thus, -^ .7.11: 
the two points and the bar which precede, are to show 
that in reading we should repeat the mean term which is 
here 7. 

The proportion & : 20 : : 20 : 80 is a continued geometri- 
cal proportion, which by abbreviation we write thus: 
— 'ttS :^ 20 : 80 ; the use of the four points and the bar is 
the same as in the continued arithmetical proportion. 

17/i. It follows from what has been said upon arithmetical 
and geometrical proportions : 

1. That if in an arithmetical proportion we add to each 
of the antecedents, or if we subtract from each the differ- 
ence or ratio which reigns in this proportion, according ai 
the antecedent shall be less or greater than its consequent, 
I'.adi antecedent will become equal to its consequent ; for 
this is to give to the least term of each ratio that which it 
lacks of being equal to its neighbour ; or to subtract froD 
the greatest term of each that by which it surpasses ilf 



OEZOUT'S AEITHMETIC. 

iieigbbour. Thus in the proportion o ■ 7 : 3 . 12, add tLc 
difference4tothe6r5tandto the third term, and yon will have 
7.7: 12 . J 2, and it is easy to perceive that this is general. 
3. If in a geometrical proportion you multiply each of the 
two coneequen -■ by the ratio, you will in like manner render 
each equal ( its antecedent: for, to multiply the conse- 
quent by the ratio, is to take it as many times as it is con- 
tained in the autocedent: thus in the proportion 12:3:: 
20: 5. multiply 3 and £ each by 4, and you will have i'i: 
12 : : 20 : SO ; in like manner, in the proportion 15:9:: 
45 : 97, multiply 9 and 27 each by V *"■ -n which is the ra- 
tio, and you will have Id : (5 : : 45: 45. 

PROPERTIES OF ARITHMETICAL PROPORTION. 

17G. The fundamental properly of arithmetical propor- 
tion, is that the suvt of the extremes is equal to the mm of tin 
^means: for example, in this proportion 3.7:8.12, the 
sum 3 and 12 of the extremes, and that 7 and 8 of the means 
are equally 15. 

We can aasure ourselves that this property is general, as 
follows : 

if the two first terms were equal to one another, and the 
two last terms also equal to one another, as in this propor- 
tion: 7. 7 : 12. 12, 

it is evident that the sum of the extremes would be equal (o 
that of the means. 

Now, every arithmetical proportion may be brought to this 
state, (175) in adding to the antecedent, or in taking from it 
(he di£ference which reigns in the proportion. This addi- 
tion, which wilt equally augment the sum of the extremes 
and that of the means, cannot in the least alter the equality 
of the two sums ; therefore, if they become equal by this 
addition, it is because they were equal without this same 
addition. The reasoning is the same for the case of the sub- 
traction. 

177. Since the two mean terms in the continued propor- 
tion are equal, it follows from what we have shown, that, in 
this same proportion, the sum of the extremes is double of 
the mean term, or that the meaa term is half the sum of the 
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OKtremes. Thus, to have &n arithmetical mean between T 
and 15, 1 add 7 to 15 ; and taking the half of the sum 33, f 
kave 1 1 for the mean term, so that ~7 .11 .Id. 

"* Id every arithmetical proportion, the sum of the ei- 
tremes is equal to the sum of the means. 

Let us take, for example, the arithmetical proportioD 
5. d:C « 4. 

Since the difference between the first term and the second 
is the same as the difference between the third and Ibe 
foarth, it is evident that we shall have, 

5^3^6— 4> in adding 3+4 to these two equalities, we 
shall have 5— 3+3+4=:6— 4+3+4, that is to say, 5+4= 
6+3. 

Therefore, the sum of the extremes of this proportion is 
equal to the sum of the means. 

If we bad 3 • 5 : 4 • 6, we should have 5 minus 3, equal to 
6 minus 4, and we should demonstrate in the same mannfr 
that 3 plus 6 is equal to 5 plus 4. 

The reasoning would be the same for every other aritbme* 
tical proportion. Therefore, in every arithmetical propor- 
tion, the sum of the extremes is equal to the sum of the means. 

If the arithmetical proportion were continued, it it evi- 
dent that the sum of the extremes would be double of tbt 
mean term. 

Four numbers are in arithmetical proportion, when the 
sum of the extremes is equal to the sum of the means. 

Let us take, for example, the four numbers 5, 3, 6, 4, of 
which the sum of the extremes is equal to the sum of the 
means. 

Since 5+4=6+3, we shall have, in subtracting 4+3 froa 
these two equalities, 5+4— 4— 3=6+3— 4 — 3; that is t« 
say, 5--3=6--4. 

The four numbers 5, 3, 6, 4, are then in arithmetical piO' 
portion, since the difference between the two first is equal to 
the difierence between the two last. 

Therefore, 5.3:6.4. 

Four numbers arc not in arithmetical proportton when the 
sum of the extremes is not equal to the sum of the means. 

Let them be, for exatnple. the four numbers 5, 3, 7, 4, of 
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trich the sum of the extremes is not equal to the tarn of the 

e 5+4 U not equal to 7 + 3, in subtracling 4+3 from 
ietwoinequaIitiea,5+4~4— 3willnotequal7 + 3— 4— 3; 
iJBto say, that 5—3 will not equsl 7—4. 
Therefore, the four numWre 5, 3, 7, 4, are not to aritbme- 
^I proportion, since the difference f>etweoa the two first 
fl not equal to the ditference betneen the two last. 

It 18 evident froai the preceding, that if four numbers be 
io antbmetical proportioti,lheae four numbers will also be in 
proportion, if we change ilie places of ihe extremee and the 
placet! of the cneans, and if wc put the extremes in the place 
of the means and the means iii Ihe place of the cxiremes; 
ibr, in ail these mutaUcns, the sum of the extremes will al- 
' wajiB equal the sum of the means. 

PROPEHTIES OF GEOMETKICAL PROPORTION, 

178. The fundamental properlj oT ihe geometrical pro- 
portion is thai the product of the titremes it equal to the pro- 
duct of the means i for example, in this proportion i: \A::T:3&, 
the product of So by 3, and that of 1 5 by 7, are equally 1 06. 

We can satisfy ourselves that this property belongs to every 
geometrical proportion, ae follows : 

If the antecedents vere equal to the consequents, as in 
this proportion, 

3 : 3 : : 7 : 7 
it is evident that the product of the extremes would be equal 
to the product of the means. 

But we can always bring a proportion to this stale (175) in 
multiplying the two consei|uents by the ratio. This multipli- 
cation will, it is true, make the product of the extremes a 
certain number of times greater than it would have been, or 
a certain number of limes less, if the ratio be a fraction ; but 
it will produce the same effect upon that of the means; 
iberefore, since after this multiplication the product of the 
extremes would be equal to ih<^ product of the means, these 
tvro products should be equal without this same multiplica* 
tion. 
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We caD then take the product of the extremes for that 
the means, and reciprocally. 

Therefore, in the continued proportion, the product ^d 
extremes is equal to the square of the mean term; for thetn 
means being equal, their product is the square of one of tho. 
Therefore, to have a geometrical mean between two [ui 
posed numbers, we must multipl}' these two numbers tuf 
ther, and extract the square root of this product. Thua^b 
have a geometrical mean between 4 and 9, I multiplj 4 bf 9, 
and the square root 6 of the product 36 is the meaopropgt 
tional sought. 

^ In every geometrical proportion, the product of the ei- 
tremes is equal to the product of the means. 

Let us take, for example, the geometrical proportia 
12 : 3 :: 16 : 4; I say that 12X4=r^Xl6. 

In effect, since 12 : 3 : : 16 : 4, we shall have V = V' 

Reducing these two fractions to the same denomioator, K 

■shall have ^—^%=i^-^-r ; that is to say, 12X4=16X3 
3X4 4X3 ^^ 

Tint 12X4 is the product of the extremes, and 16X3 is A 

product of the means ; therefore, m the proportion 1 i : 3 : : 16H 

the product of the extremes is equal to the product of A 

means. 

If the proportion were continued, it is evident that tl 

product of the extremes would be equal to the square of tf 

mean term. 

"Four numbers are in geometrical proportion when the pit 

duct of the extremes is equal to the product of the means. 

In effect, since 12X4=16X3, dividing these two eqaaii 

ties by 4X3, we shall have -= : that is to aai 

4X3 4X3 ^ 

Y = V ; therefore, the four numbers 12, 3, 16, 4, are ingei 

metrical proportion, because the quotient of the first divide 

by the second is equal to the quotient of the third by tb 

fourth. The reasoning would be the same for any othe 

numbers. 

Four numbers are not in geometrical proportion when tb 

product of the extremes is not equal to the product of tb 
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, Let the numbers be, for example, the four numberd tS^ 3, 
SO, 4, of which the product of the extremes is 'not equal to 
ifae product of the means. 

In effect, since 12X4 is not equal to 20X3, if we divide 

12 X4 
ihcse two inequalities by 4X3, will not be equal to 

-- — - ; that is to say, that ^^ will not equal V • 

The quotient then of the first by the secoird is not equal 
to the quotient of the third by the fourth ; therefore, the 
numbers 12, 3. 20, 4, do not form*a geometrical proportion. 
The reasoning would be the same for any other numbers. 

From the preceding, if four numbers be in geometrical 
proportion, it is evident that if we change the place of the 
extremes and the place of the means, or if we put the ex- 
tremes in the place of the means, and the means in the place 
of the extremes, these four numbers will still be in propor- 
tion ; for, in all these mutations, the product of the extremes 
will be equal to the product of the means. 

179. From the fundamental property of the geometrical 
proportion, it follows that, if knowing the three first terms of 
a proportion, we would determine the fourth, we must miUii- 
ply the second and third, and divide the product bi/ the first ^ 
for it is evident (74) that we should have the fourth term in 
dividing the product of the two extremes by the first term ; 
DOW this product is the same as that of the means ; therefore, 
we shall also have the fourth term in dividing the product of 
the means by the first term. 

Thus, if we would have the fourth term of a proportion of 
which the three first are 3 : 8 : : 12 : . ., I multiply 8 by 12; 
which gives 96 ; this I divide by 3, and the quotient 32 is 
the fourth term sought, so that 3, 8, 1 2, 32, form a propor- 
tion ; in ejOfect, the first ratio is f , and the second ^=^, which, 
(89) in dividing the two terms by 4, is also |. 

By a similar reasoning, we see that we could find any other 
term of the proportion when we know three of them. 

If the term which we would find be one of the eysiremesj we 
must multiply the two means, and divide by the known extreme : 
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ify an the contrary^ we would Jind one of the means, we mmi 
muUiply the fwo extremes^ and divide by the known mean. 

180. This property of the equality between the pfodactof 
the eztreines and that of the means, cannot appertain to fimr 
quantities which are not in geometrical proportiop. In ef- 
fect, if we have four quantities which are not in geometrical 
proportion, in multiplying the consequents by the ratio of the 
two first, there will only be the first antecedent, which 
will become equal to its consequent. For example, if we 
have 3, 12, 5, 10, in multiplying the consequents 12 and lOfaj 
the ratio { of the two first, terms 3 and 12, we shall have 
3, 3, 5, >{ in which it is evident that the product of the ex- 
tremes is not equal to that of the meaus; therefore, these 
products could not any more be equal, even though we 
had not multiplied the consequents by the ratio |, and it is 
plain that this reasoning is applicable to every case. 

Therefore, tf four quanOHes are such that the product of the 
extremes U equal to the product of the means, these quemiitiei 
are in proportion. Hence we shall deduce thu second pro- 
perty of proportions. 

181. If four quantities be in proportion^ they wU aho be w 
proportion if toe put the extremes in the place of the means, ani 
the means in the place of the extremes, 

182. The same will be the case, that is to say, the proportion 
will subsist if we change the places of the extremes or those cf 
the means. 

In ejQTect, in every case, it is easy to see that the product 
of the extremes will be equal to that of the means. 

Thus the proportion 3 : 8 : : 1 2 : 32 furnishes all the ibU 
lowiog proportions by the simple permutatipn of its terms. 
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: 12 : 32 
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: 8: 32 


32 : 12 : 


: 8 : 3 


32 : 8 : : 


: 12: 3 


8:3:; 


: 32 : 12 


8 : 32 : : 


3: 12 


12: 3: : 


32 : 8 


12 : 32 : : 


3: 8 



And it is the same in every other proportion < 
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tt!3. Siace we can put the third term id the place of tbe 
second, and reciprocally, we thence conclude that vit can, 
Toilkoul disturbing a proportion, multiply or divide the lieo ante- 
cedents by the sitme number, and thai it is the same milk regard 
lo the consequents ; for m making this permutation, the two 
antecedents of the given proportion will form the fii'st ratio ; 
and the two consequents the second. Therefore, to multiply 
the two antecedents of the &ral proportion becomes the 
same as to multiply (he two terms of a ratio each by the 
same number, which (170) doe^ not change this ratio. For 
example, if I have the proportiou 3 : 7 : : 12 : 28, I can, in 
dividing the two antecedents by 3, say 1 : 7 : : 4 : 28, because 
from the proportion 3 ; 7 : ; 12 : 28 we conclude (182) that 
3 : 12 : : 7 : 28 ; and in dividing the two terms of the fir^t 
ratio by 3, we have 1 : 4 : : 7 ; 28, which ^182) may be 
changed to 1 : 7 :: 4 : 28. 

IS'l. Every change taaie in a proporlioa, so l/uil llieaumt^ 

the antecedent and consequent, or their difference,may be com- 

, pared lo the tmlecedent or lo tlie consequent, in ihs same v 

m^^ach ratio, mil always fona aproporiion. 

^^■^or example, if we have the proportiou 

^B^ 12 :3 : :32: 8, 

we can thence deduce the following proportions : 
J2+3: 3 : : 32+3 : 8 



12- 



:32- 



12+3 : 12: : 32+8 : 32 

12—3 : 12: : 32—8 : 32 
For if it be to the consequent that we compare, it is easy 
to see that the antecedent, augmented or diminished by the 
consequent, will contain this consequent a lime more or a 
time less than before ; and a^ this comparison is made in the 
same manner for the second ratio, which, by the nature of 
liie proportiou, is equal to the 6rst, it follows that the two 
Dew ratios will also be equal to one another. 
, If it be to the antecedent that we compare, the same rea- 
soning will slill apply, in conceiving that in the proportion in 
which wc make this change, we have put the antecedent of 
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7i€r^4rc. lie ram, if ikejat mi^rrdtnui if 
u fiiafawfii n i: 

BaiI to iaQtiV onrielie^ sec-^rillf . we bare orJj ti> observe^ 
that if the fine antecefd^Lt cotitatb the sccocd loar timei, for 
cxaiBple, the fam of the tvo ax4eccdents will contain the 
fecood fire tinier, aod. for the saaM reaaca. tbe som of the 
c^HMeqtienti will contain the Mcor^d cooaeqneat fire times-, 
thetiefcre, the som of the aatecedenti will contain that of the 
coMeqrjent* a^ the f|aintaple of one of the antecedents con- 
tains the quint ople of ita cocscqaeDt, that is to saj,(170) m 
one of tlie antecedents contains its consequent. 

We might, in the sairie marmer. prove tfast the diflerence of 
the antecederits is to tlie difiTereuce of the consequents, as 
OiiC antecedent is to its consequent. 

1&6. It in evident that tbe proposition which we have de- 
monstrated leads to thid : that if we bare two equal ratios, 
for example, 

I'hat of - - ^: iZ 
and that of - - 7 : 21 



Jl :33 

We shall still have the same ratio, in adding antecedent to 
-Aniecedent, and consequent to conscqucnt« 

Tliareforc, if toe have several equal ratios, the sum of alt 
/As antHtedentu U to the sum of all the consequents as any one 
nf thn antecedents is to its consequent. For example, if we 
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hsLve tbe eiqual ratios 4 : 12 : : 7 : 31 : : 2 : 6, we can aajr, 
^.Aat 4+7+2: 12+21+6 : : 4 : 12 or 7 : 21, etc. 

For, after having added the antecedents and the conse- 
^ quents of the two first ratios together, the new ratio which, 
. as we have seen, will be the same as each of the two first, 

will also be the same as the third : consequently, we can 
. add it to this, and we shall still have the same ratio, and so 

on for any namber of ratios. 

187. We call compound ratio that which results from two 
or more ratios, tbe^ntecedentd of which we multiply together, 
and the consequents together. For example, if we have the 
two ratios 12:4 and 25 : 5, the product of the antecedents 
12 and 25 will be 300; that of the consequents 4 and 5 will 
be 20 ; the ratio of 300 to 20 is what we call the ratio com- 
posed of the ratios of 12 to 4 and of 25 to 5. 

188. This ratio is the same as if we had estimated sepa- 
rately each of these composing ratios, and multiplied tOr 
gether the numbers which express these ratios. In effect, the 
ratio of 12 to 4 is 3, that of 25 to 5 is 5 : now 3 times 5 is 15, 
which is the ratio of 300 to 20 ; and we may perceive that 
this is general, in observing that the ratio is measured (168) 

^ by a fraction which has the antecedent for numerator, and 
the consequent for denominator: therefore, the compound 
ratio should be a fraction having the product of the two an* 
tecedents for its numerator, and for its denominator the pro- 
duct of the two consequents ; it is then (106) the product of 
the two fractions which express the two composing ratios. 

189. If the ratios which we multiply are equal, the com- 
pound ratio is called double ratio if we have multiplied only 
two ratios ; triple ratio if we have multiplied three ; quadru' 
pie if we have multiplied four, and so on. For example, if 
we multiply the ratio of 2 to 3 by that of 4 to 6, which is 
equal to it, we shall have the compound ratio 8:18, which it 
called double of the ratio of 2 to 3, or of 4 to 6. 

190. If we have ttoo proportions^ and if we multiply them {9 
order f that is to say^ the first term of the one by the first term of 
the other f the second by the second, and so on, the finer pro Atet^ 
thence resulting wiU be in propartUfm 

For in. thus multiplying two proportions, we multiply two 
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e^alFatios bj two equal ratios; (172) therefore, the tia 
compound ratios which result should be equal, and cons' 
quently the four products should be in proportion.(172) 

191. Ijct w thence conclude that the aqtiara^ the cvhttj ad 
in general J similar powers of four quantities inproporiionf nn 
also in proportion^ since to form these powers we have onlf 
to multiply the proportion by itself several times aucceasiTelf. 

192. The square roots f cube roots j and in general, nmtfar 
roots of four quantities in proportion^ are also in proportion; 
l»r the ratio of the square roots of the two first terms is ao- 
thing else than the square root of the ratio of these tvo 
terms ;(1 43 and 167) and it is the same with regard to the 
ratio of the square roots of the two last terms ; theie/bre, 
since the two primitive ratios are supposed equal, their square 
roots are "equal; therefore, the ratio of the square roots of the 
two first terms will be equal to the ratio of the square roots 
of the two last The same may be proved of the cube roots, 
fourth roots, etc. 

USES OF THE PRECEDING PROPOSITION^. 

193* The propositions which we have demonstrated, and 
which we call the Rules of proportion, have continual appli- 
cation in all parts of the mathematics. We shall confine our 
attention here to those which belong to arithmetic, and we 
shall commence with those which we can deduce from what 
has been estabUshed.(l 79) which is also the basis of almost all 
(he others. 

OF THE RULE OF THREE DIRECT AND SIMPLE. 

194. IVe distinguish several kinds of Rule of TTiree; they 
all have for their object to make known a term of a proper* 
tion of which three are given. 

That which we call Rule of Three Direct and Simple j is call- 
ed simple^ because the declaration of the questions to which 
we apply it never contains more than four quantities, three 
of which are given, and the fourth is to be found. 

We call it directj because that of the four quantities which 
we there consider, there are always two which are not only 
relative to the two others, but whiph depend upon them, so 
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that as one of the quantities contains the other, or is con- 
tained in it, in the same manner also the quantity relative to 
the first contains the quantity relative to the second, or is con- 
tained in it ; that is to say, in short, that a quantity and its rela- 
tive may always be both antecedents or consequents, in the 
proportion : which is not the case in the Rule of Three In- 
verse, as we shall see shortly. 

The method for finding the fourth term of a proportion, 
and, consequently, for performing the Rule of Three Direct 
and Simple, is sufficiently exposed ',(179) but it is proper to 
make known, by some examples, the use which we can make 
of this rule. 

Example I. 

In a certain time, 40 workmen built 268 rods of stone 
wall, we demand how many rods 60 workmen would build 
in the same time ? 

It is evident that the number of rods ought to augment in 
proportion to the number of the workmen ; so that these be- 
coming double, triple, quadruple, etc. the first ought also to^ 
become double, triple, quadruple, etc* .Thus we see that 
the number of rods sought ought to contain the 368 rods as 
often as the number 60, relative to the first, contains the num- 
ber 40, relative to the second ; we must then seek the fourth 
term of a proportion, which should commence with these 
three, 

M. M. R. 

40 : 60 :: 268 : 

Or, in dividing the two first terms by 20, which may be 
done (170) by these other three, 

R. 

2 : 3 : : 268 : 

Therefore, according to what has been said, (179) I mul- 
tiply 268R. by 3, and I divide the product 804 by 2 ; which 
gives 402 for the quotient, and, consequently, 402R. for the 
number of rods that 60 workmen would build. 
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MtiltiplTiDg ?f^^j bj 3. acd diTidic^ ihe prodact 6000 by 
275. we th»ii hsfe 2i-*-r da^s for the answer. 

Ez%X?LS III. 

Ii a piece of larid. rceasuri'^g 54A. 3R. 2-3P. cost 168/. 9^. 
\d, horn much should we pay for 36A. ^R. I3P. at the same 
rate^ 

The price of 56 A. lR« 1.3P. ought to contaiD the price 
!C8/. 32* Ad. of the 34A. oR. 23P. as often as 56A. 2R. 
i3P. contain 34A. 3R. 33P. We must then seek thefoorth 
term of a proportion, which should commence with these 
three, 

A. R. P. A. R. P. /. !. d. 

34 3 23 : 5C 2 13 : ; ICC 9 4 : 

That ib to fay, wc must multiply 168/. 9s. 4</. by 56A. 2R. 
13F. and divide the product by 34A. 3R. 23P. which may 
be done according; to what has been said 122 and 128. 

But it will be easier to reduce the two first terms to their 
least kind, thai :S lo sny^io poles ; and the question will then 
be to seek the fourth term of a proportion, which should 
commence with these three others, 

/. Sm d. 
6633 : 9053 : : 168 9 4 : 

Then, multiplying 168/. 95. 4 J. by 9033, we shall have 
) Mh I 'M. 1 4f . 8<?. ; and dividing by 5583, the qaotient 278/*. 
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Sf. 5|m<i. will )>e what we should pay for the 56 A. 2R. 
13P. 

If there were fractions, after having reduced the two 
terms of the same kind to their least unit, as in this example. 
ve should simplify the ratio of these two terms in the man- 
ner which has been taught.(l7]) ^ 

OF THE RULE OF THfiEE INVERSE AND SIMPLE. . 

1.95. The Rule of Three Inverse and Simple differs from the 
Rule of Three Direct, of which we have spoken^ in this, that 
of the four quantities which enter into the declaration of the 
question for which we perform this operation, the two 
principals ought to contain one another, in an order entirely 
opposed to that of the two other quantities .which are their 
relatives ; so that, when by the examen of the question, we 
have given to these quantities the disposition suitable to form 
a proportion, one of the principal quantities and its relative 
form the extremes, and the other principal quantify and its 
relative form the means. 

This does not introduce any difference in the manner of 
performing the operation ; it is always the fourth term of a 
proportion which is required ; or, at least, we can always 
bring the thing to this point. 

Some arithmeticians have prescribed, for the present case, 
a rule subjected to the declaration of the question ; we shall 
not follow their example ; it is the nature of the question, 
and not its declaration, which often is faulty, that should di^ 
rect in the resolution. 

Example 1. 

^ If 30 men can perform a certain work in 25 days, how 
many men must there be to perform the saa>e work in 10 
days? 

We see, in this second case, that the number of men should 
be augmented in proportion to the diminution of the days ^ 
therefore, the number, of men sought should contain the num- 
ber SO of the men, as many times as the number 25 of the 
days, relative to these, contains the number 10 of the days, 
relative to those. The question then is simply to find the 
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fourth term of a proportion which should cooimence witi 
these three, 

D. D. M. 
10 : 25 : : 30 : 
Multiplying 30 by 25, and dividing the product 750 by Id 
we have 75, or 75 men, for the answer. 

Example II. 

A squadron has only 1 5 days' provision ; but the circuB' 
stances are such that it will be obliged to remain atjea SI 
days; to what must they reduce the whole of the ratioiifpet 
day? 

Let us represent by a unit the whole of the rations cofr 
turned per day ; we see that the rations to which they sbooM 
stint themselves should be proportionably lesd than this ooif, 
as the number 20 of the days during which this econooj 
should last, is greater than the number 15 of the days, fot 
which they have provision ; that, consequently, as ofteo u 
20 days contain 15 days, so often the whole of the provisioii 
which would have been consumed during each of these 15 
•days, should contain that of the provision which shall be con- 
sumed during each of the 20 days : we must then seeic the 
fourth term of a proportion which should commence wi& 
the three following — 

120 : 15 : : I : 

This fourth term will be ^§, or ^ ; they must then be re- 
duced to ■} of what they would have consumed per day. 

OF THE COMPOUND RULE OF THREE. 

19G. In the two rules of Three that we have explained, 
the quantity sought and the quantity of the same kind which 
enters into the declaration of the question, have to each 
other a simple ratio, and this is determined by that of the 
two other quantities which also enter into the declaration of 
the question. * 

In the Compound Rule of Three, the ratio of the quantity 
sought to the quantity of the same kind, which enters into 
the declaration of the question, is not given by the simple 
ratio of two other quantities only, but by several simple 
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Irk tios, which we muslqompoBe(lS7) according to tbc csamen 

of the question. 
' When once these ratios have heen compounded, the rule 

^^ reduced to a rule of Three simple ; the following examples 
^fenjl serve to elucidate what we here advance. 

K: 

' We 



If a tract of land regularly wooded, 30 men have cleared 
icrea in IC days, how many acres of this tract would 
men clear in 23 days ? 

We see that the work depends here, not only upon the 
number of men, but also upon the number of days. 

To have regard to both, we must consider that 30 men, 
who should work during 13 days, would only perform at 
much as 18 times 30 men, that is to say, as 540 men, who 
should work during one day. 

In like manner, 54 men, working 38 days, would only do 
as much as 38 limes 54 men, or I5l2 men, working one day. 
The queslion then is changed to this — 540 men have 
cleared 132 acres of land, how many will 1512 men clear in 
the same time ? Therefore, we must seek the fourth term of 
a proportion, which should commence with these three — 
M. M. A. 

540 : 1512 : : 132 T 
or, reducing the catio ^Vra of the two first terms to its most 
simple expression, (95) with these other three — 
M. M. A. 

5 : 14 : : 132 ; 
Multiplying 132A. by 14, and diridiog the product hy S, 
we shall find 369A. 2R. leP. for the answer to the ques- 
tion. 

KXAUFLE II. 

A man, walking 7 hours per day, gives himself 30 days to 
travel 230 leagues; if he walked 10 hours per day, how 
many days would it take him to travel 600 leagues, going al- 
ways at the same rate ? 

If he walked during the same number of hours per day, 
in each case, we see that he would employ a number of days 
19 
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proportionably greater, as he had a greater distance to tra« 
vel ; but as he walks during a greater number of boors per 
ds^j, in the second case, he will, for this reason, require less 
time ; tb?rofore, the operation relates in part to the rule of 
of Three direct, and to the rule of Three inverse* 

We shall reduce it to a rule of Three simple, in consider- 
ing that to walk during 30 days, employing 7 hours each day. 
is to walk durinij; 30 times 7 hoars, or 210 hours i thus, we 
can change the question to this other — it has required 310 
hours to travel 230 leagues ; how many will it require to 
travel 600 leagues ? When we shall have found the number 
of hours which answers to this question, in dividing it by 10, 
we shall have the number of days demanded, since> the man 
here spoken of employs 10 hours per Jay* 

Therefore, we must seek the fourth term of a proportion, 
of which the three first are 

L« L* H. -J 

230 : 600 : : 210 : 

We shall find that this fourth term is 547 hours and j^f , 
which, divided by 10, the number of the hours that this man 
employs each day, gives 54 days and i|{, or 54 dajs and if. 
for the answer. 

Example III. 

The foot in London being to the standard foot in Fnmce 
: : 15 : 16, how many feet of France will equal 7S0 feet of 
London ? 

It is clear, that to measure a determined length, it will re- 
quire a less number of Fiench than of English feet, in the 
same ratio that tbe first measure is, on the contrary, greater 
than the second ; so that the question is reduced to tliis, viz* 
to calculate the fourth term of a proportion, which should 
commence with these three — 

16 : J5 :: 720 : 
multiplying 720 by 15, and dividing by 16,. we shall ha.ve 
675 for the number of French feet, equivalent to 720 feet in 
London* 
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Example IV. 

A convoy travelling 5 hours per day, can perform a cer- 
tain Jouroey in 18 days, but we would have it to arrire in 
12 daya, how many hours must it travel per day ? 

It is evident that this convoy sbonld, each day, march 
during a number of hours as much more considerable than & 
hours, as the number 1 2 of the days which it must employ is, 
on the contrary, less than Ihe number IS of the days whicli 
it would have employed, if we had not forced the march. 
Thus the state of the question shows that we shotild calcu- 
late the fourth term of a proportion which should commence 
with these three : 

13: 1 8 ; : 5 : or these three, 3:3; : 5 : 

Multiplying fi by 3, and dividing by 2, we have 7^ for the 
number of hours during which the convoy ebould march 
each day. 

OF THE BULE OF FELLOWSHIP. 
197. The rule of Fellowship, or Society, is thus called, 
because it serves to divide among several associates the 
benefit or the loss resulting from their society. 

Ite end is to divide a proposed number into parts which 
have to each other given ratios. 

The rule which we give to effect this, is loQlried upon 
wbat we have established (186 :) weehall deduce it from thig 
' pii&ciple ii) the following example : 

Example I, 

Suppose, that it be required to divide ]20,*into three 
parts, which shall have to each other the same ratios as 
the numbers 4, 3, 2 ; the declaration of the question furnishes 
these two propositions : 

4 : 3 : : the first part is to the second. 
4 : 3: :lhe liratpart is to the third. 
Or (1 82) these two others : 

4 is to the first part : : 3 is to the second. 
^Ithe first part : : 2 is to the third. 
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So that we have these three equal ratios : 4 is to the firs[ 
part : : d is to the second : : 2 is to the third. 

Now, we have seen (186) that the sum of the antecedents 
is to the sum of the consequents, as any one antecedent is to 
its consequent : we can then say here, that the sum 9 of the 
three parts proportional to the parts that we seek, is to the 
sum 120 of these parts, as any one of the proportional parts 
is to the part of 1 20 which answers to it. 

The rule then is, 1. to make a totality of the proportioml 
parts given ; 2* to make as many rules of Three as there are 
parts to find, and of which each one shall have for the first 
term the sum of the proportional parts given ; for the second 
term the number proposed to divide ; and for the third tens 
one of the proportional parts given : thus, in the questioD 
that we have taken for example, we should have these three 
rules of Three to perform : 

9: 120: : 4 

9: 120:: 3 

9 : 120 : : 2 

of which we shall find (179) that the fourth terms areSS^. 
40, and 26f , which have to each other the required ratios, 
and which compose in effect the number 120* 

But it is easy to remark that it is not absolutely necessarj 
to perform as many rules of Three as there are parts to find 
we could dispense with the last, in subtracting from the pjo 
posed number the sum of the other parts, when we have founc 
them* 

Example IL 

Three persons join in trade, the first puts in stock to the 
amount of 20000/. ; the second, to the amount of 6OO00/. 
the third, of 120000/. : we demand what part each should 
have of the gain, which is 800000/., all expenses paid ? 

We see that it is required to divide 800000/. into part 
which shall have to each other the same ratios as 2OOO0 
60000, 120000 ; or (170) as 2, 6, 12, or 1, 3, 6, since eacl 
person should have a part in proportion to his fund ; we mus 
then add the three proportional parts, 1, 3, 6, and make th 
three following proportions, or only two : 
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i : 800000 : : 1 /. : the first part. 
10 : 800000 : : 31. : the second prt. 
10 : 800000 ; : 6/. : the third part. 
These three parts will be 80000i., 240000/. and 480000i. 
The question might be more complicated, and yet be resol- 
ved by the same principles, as in the example which follows : 

Example HI. 

Three persons put into fellowship, the first 3000/., which 
has been during six monlhs in the society ; the second 4000/. 
«hich has been in Smooths; and the third 8000/., which 
has remained during 9 months ; how much should each have 

the gain, which amounts to 13050/. ? 

We shall reduce all these funds to the same time, in this 
manner : 

The principal of 3000/. ought to produce during 6 months 
as much as 6 times 3000/., or 18000/. during one month. 

The principal of 4000/. should produce during b months 

much as 5 times 4000/., or 20000/. during one mouth. 

Lastly, the principal of 8000/. should produce in 9 months 
much as 9 times 8000/., or 72000/. during one month. 

Thus the question is reduced to (his other: the funds of 
'ihe three associates are 18000/., 20000/., 72000/. : how much 
should each have of the gain ) 20501. :' 

Id proceeding as in the above example, we shall find 
I97W. 16a. A^\d., 2190/. 18s. 2t\o!., and 7887/. 5s. S-^jd., 
for the answer. 

Example IV. 
We would distribute to Albany, to Ulica, and to Kochc&- 
ter, a supply of utensils, namely, 450O shovels, 4550 picks, 
S20 crow-bars, 800 axes, 2200 long drills, 2500 tamping 
irons, 2500 amalgamated priming wires, and 2500 stone ham- 
mers. This distribution should be made for each kind of 
utensil, proportionably and conformably to a model of a sup- 
ply, by which we sec that of 85000 utensils of the same kirfd, 
Albany has had 6000, Utica 1 400, and Rochester 1 100. We 
demand how many there must be of each kind for each oi 
these places ? 
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MODEL OF SUPPLY. 
Albany ... 6000 
Utica ... 1400 

Rochedter - - - 1100 



8500 



Since each kind of uteniil sboald be distributed proportion- 
ably to tbe numbers 6000, 1400, 1100, we shall find how 
many each place must have of one of the kinds ; for exam- 
ple, of the shovels, in calculating the fourth term of each of 
these proportions : 

8500 : 4500 or 85 : 45 or 17 : 9 : : 6000 : 

17 : 9:: 1400: 
17 : 9 : : 1100: 

We shall take the same method Cor calculating the number 
of picks, of crow-bars, etc., which ought to be distributed to 
each place ; and we shall find that the distribution should be 
made as follows : 



I 



4500 diovels 
4550 picks 

820 crow-bars 

800 axes - 
2200 long drills 
2500 tam. irons 
2500 am. pr. wires 
2500 St. hammers 



UTENSILS. 

1 ■ >m^< iiiWi 



For 

Albany, 



For I 
Utica. I 



For Ro- 
chester. 



3177 
3212 
579 
565 
1553 
1765 
1765 
1765 



741 
749 
135 
132 
362 
412 
412 
412 



582 
589 
106 
103 
285 
323 
323 
323 



J20370 



14381 



3355 



2634 



EzAicpLE y. 

Three wagoners have 1500/. to divide among them* The 
first was cha^d mth 2 tons weight, which be conducted to 
50 leagues distance ; tfaesecond conducted 1^ tons 75 leagaes, 
and the third 3 tons 60 leagneis. What is the share of each? 

To solve (his question by the preceding rulci we mat re- 
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dac« these difTercnl transports to the aame distance, in ihif 



3 tons carried 50 leagues ought to be paid as much aa £0 
times 3 tone, or 100 tons carried one league, la bke man- 
ner, 1 1 toas carried 75 leagues should be paid ai muchae 76 
times 1} tons, or 112^ toos carried vne league. Lastly, S 
tone carried 00 leagues sUould be paid aa much ai 60 times 3 
tons, or ISO tons carried one league. 
It Thus the question is the same as if the three wagoners bad 
carried to the same distance, the first 100 tons, the second 
112i tons, and the third IflOtons. It is required then to di- 
ride 1500/. into three parts, nhich shall have to each other 
the aame ratio as the numbers 100, 113}, and 180, in calcula- 
ting the fourth term of ea«h of the following proportions : 
392J : 1509 : : 100 : 382/. 3s. 4r/. 
392i : 15O0 : : 112i : 429 18 9 
392^ : 1500: : 180 : C87 17 11 
The share of the 6rst is 382/. S^. 4d. ; of the second 429/. 
18i. Bd. ; and of the third 678/. I7f. 1 Id. 

BBMARK UPON THE SUBJECT OF TH£ FltECEDING BULE. 

198. It will be useful to examine a case which might em- 
< barrass beginners. If we proposed this question — to divide 
650 into three parts, of which the first shall be to the second 
: : 5 : 4, and the first to the third : : 7 : 3. 

We cannot here apply the preceding rule without a prepa- 
ration, which consists in rendering the same, in each given 
ratio, the part proportional to one of the three parts sought ; 
for example, that of the first; this is easily done in multiply- 
ing the two terms of each ratio by the first term of the other 
ratio : thus the two ratios 5 : 4 and 7 : 3 will be brought to 
have the same first term in multiplying the two terms of the 
first by 7, and the two terms of the second by 5, which does 
not alter their value,(170) and gives the ratios 35 : 28 and 
35 : 15, so that the questionbecomci', to divide G50, into three 
parts, which shall be to each other as the numbers 35, 38, and 
15, which will easily be done by the preceding rule. 

If we were required to divide a number into four parts, ot 
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which the first should be to the second : : 5 : 4, the first to the 
third : : 9 : 5, and the first to the fourth : : 7 : 3, we shodl 
reduce these ratios to have the same first term, in maltipljis; 
the two terms of each by the product of the first terms of fli 
two others; thus in this example^ we should change tbm 
three ratios to these other three, 315: 253, 315:111 
315 : 135 ; sq that the question is chained to this', viz. to & 
vide the proposed number into four parts, which shall be l» 
each other as the numbers 315, 252, 175, and 135. 

OF SOME OTHER RULES DEPENDING UPON PROPORIION. 

199. Although the following rules be of less frequent m 
• than the preceding, we cannot howeyer entirely omit ttem; 

for besides that they are not without utility by tbemsdres, 
they are otherwise useful in making known the extent of the 
uses of proportions. 

200. The first of which we shall speak is the rule of afak 
position. We often apply it to resolve questions which bebng 
to the Rule of Fellowship, from which it dififers in ttis^m. 
that instead of taking the proportional parts such as they are 
given by the declaration of the question, it takes one aibiti^ 
riiy, and subordinates the others to it conformably to the 
question, which renders the calculation somewhat more easj. 

Example I. 

Divide J640 between three persons, so that the second maj 
have four times as much as the first, and the third twice and 
I as much as the two others together. 

I take arbitrarily, to represent the first part, the dumber 3. 
of which I can conveniently take the ^. 

The first part being 3, the second will be 1.2, and the tinrf 
will be 35. 

The question then is to divide 640 into three parts, which 
may be to each other as the three numbers 3, 12, 35, wbicb 
will be done as has been said.(197) 

The rule of a false position serves also to resolve quettioiu 
which are in some sort the reverse of the rule of Fellowship^ 
since it requires from the sum of certain parts of a numbci 
to find the number itself, as in the example which follows: 
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Example II. 

\Ve Would find a number of which the j, the |^ and the ^S 
make 808. 

I take a numl^er of which I can conveniently have the |, 
the I, and the ^, which is easy in multiplying the three de- 
nominators. This number will be 105; I take the | of it 
Which is 35, the ^ which is 21, and the | which is 45. I add 
these three numbers, and I have 101, which is composed of 
the parts of 105 in the same manner that 808 is of those of 
the number in qaestion : therefore, the number in question 
ought to have the same relation to 808 that 105 has to 101 ; 
it ought then to be the fourth term of a proportion which 
commenees with these three : 

101 : 105 : : 808 : or these 1 : 105 t : 8 : 

This fourth term is 840, of which 808 contains, in effect, the 

the I, and tlie ^. 

201 . The second rule of which we shall speak is that of 
two false positions. 

It serves in questions where it is required to divide, not thd 
proposed number^ but only a part of this number, into parts 
proportional to given numbers \ the following example will 
make known the rule and its use. 

Example. 

It is required to divide ;{6954 between three pehiOdSj sO th^t 
the second may have as much as the first and ^54 more, and 
the third as much as the two others together and ^78 more. 

Without the ^54 and the $78, it is clear that we should only 
have to divide the proposed number into parts prpportional 
to the number 1,1, and 2 ; but since we must first take from 
the sum ^54 for the Second person, and ^54 plus ^78 for the 
third, it is evident that there is but a part of the proposed 
number which we must divide into parts proportional to 1, I 
and 2 : as this part, which is easy to find in the present exam* 
pie, may be difficult to perceive in other circumstances, we 
pursue the following method : 

20 
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Suppose, for the first part, any number at pleaiare, for ex- 
ample ^1, the second part will be ^1 plus ^54, that ia to sty, 
$55, and the third will be j^l plus $55 plus ^78, that is to say, 
^134 : the sum of these parts is ^190. 

If it had only been required to divide into parts proportion- 
al to 1, 1 and 3, the first part being always supposed ^1, the 
second would be ^1 , the third would be ^2, and the sum would 
be $4 J the difierence of which from ^1 90, that is ta say, ^186, 
is that which must first be taken from the proposed sum 
1^6954, which reduces it to ^6768: it remains then to divide 
^6768 into parts proportional to 1, 1 and 3, accordkig to the 
above rules : and having found that the first part is (1692, 
we shall thence conclude that the other parts «re'21746 and { 
JJ3316 ; in effect the whole of these three parts is $6964* 

202. We shall also find, among arithmeticians, many other 
rules which are nothing else than the application of the Rales 
of Three to different questions, such as the questions of m- 
ierestj of change, of discount^ etc. 

We will not enter into these details, which cannot be diffi- 
cult to those who, havi^ig well understood the principles es- 
tablished above, will have at the same time the state of the 
question present to the mind. We will limit ourselves to a 
sin^e example. 

A person gave a merchant a note for ^2854, payable in a 
year ; he comes to discharge his note at the end of 7 months, 
and the merchant consents to deduct for the 5 remaining 
months the interest which was comprised in the note, at (he 
rate of 6 per cent, for 12 months ; for what sum should the 
merchant give up the note ? 

Since 12 months produce £6 for the interest of 100, 7 
months should produce an interest which we shall find in 
seeking the fourth term of a proportion, of which the three 
first are 

12 : 7 : : 6 : 

This fourth term is 3^-« Now when the interest was taken 
at 6 per 100, we counted for ,^106 what was only worth I00-, 
therefore, when the interest is at 3j^, we count for 103| that 
which is only worth 100 ; it follows then that the sum which 
should have been paid 106 should now be paid only 103}. 
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Tiierefore, tbe sain sou^t should be the fourth term of a pro- 
portion, of which the three first are 

106: 103^:: 3854: 

This fourth term, which is 2786/. 13^. 9}fdf. is the sum 
that the debtor should give to withdraw his note* 

i- 

OF THE RULE OF ALLIGATION OR MIXTURE. 

203. The questions which belong to this rule are of two 
kinds. In the one, it is required to find the mean value of 
several kinds of things, the number and particular value of 
each of which are known* * 

In the second, it is required to find the quantities of each 
Idnd of thing which enters into one or more mixtures, when 
we know tbe price or value of each kind, and the price or the 
total value of each mixture. 

We will reserve the questions of the second kind for al- 
gehra. 

As to the questions of the first, the rule for resolving them 
is as fellows : ' 

Multiply the value of each kind of thing, bj the number of 
the ttiings of ttiat kind ; add all the products, and divide the 
sum by the total number of the things of all the kinds. 

Example. 

We employ 200 workmen, of whom 50 are paid at the 
rate of 40 shillings per day, 70 at the rate of 30 shillings, 
50 at the rate of 25 shillings, and 30 at the rate of 20 shil- 
lings : what should each workman have per day, the one 
bearing the other ? 
Fifty workmen at 40^. per day, make an ^pense.of 2000$. 
Seventy, at 305. - * - 2100 

Fifty, at - 255. - - - - 1250 

Thirty, at - 205. - - - 600 

59505. 

The expense of 200 workmen is then 5950 shillings per 
day, and consequently, in dividing by 200, each workman, 
one bearing the other^ should have 295. dd^ per day. The 
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other questions of this kind are so easy to resolve after thii 
oiample, that we think proper not to insist upon th^ subject 

OF ARITHMETICAL PROGRESSIONS. 

204.«The arithmetical progression is a series of terms, 
cachof which surpasses the preceding term, or is surpassed 
by it by the same quantity. 

For example, this series : 

^1 : 4 . 7 . 10 . 13 . 16 . 19 , 22 • 25, etc. 
is an arithmetical progression, because each of its terms sur« 
passes that which precedes it, by the same quantity, which is 
in this case 3. 

The two points separated by a bar, which we see here at 
the head of the progression, are destined to show that in 
reading this progression, we should repeat each teniii except 
the first and the last, in this manner : 

1 18 to ^ as 4 is to 1 as 1 is to 10, etc* 

The progression is called increasing^ or decreasing^ accord-* 
ing as the terms go on increasing or decreasing ;- but as the 
properties of both are the same, in simply changing the 
words plus to minus^ add to subtract^ and multiply to dimidt^ 
we shall here consider it only as increasing. 

205. We see then, according to the definition of the arith* 
metical progression, that with the first term and the common 
difference, or the ratio of the progression, we can form tW 
the other terms, in successively adding this ratio; and that 
consequently ; 

The second term is composed of the first, plus the ratio. 

The third is composed of the second, plus the ratio, and 
consequently of the first, plus twice the ratio. 

The fourth is composed of the third, plus the ratio, and 
consequently of the first, plus three times the ratio, and so on 
for any number of terms. 

S06* So that we can say, universally, that any term of an 
artthmetifial progression^ is composed of the firsts plus as many 
times the ratio as there are terms before it* 

"JO?* Therefore, if the first term be a cipher, every 
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uther term of the progression will be equal to as many 
times the ratio as there are terms before it* 

* If we call « the greatest term of an anthmetica) pro- 
gressioD, a the least terrtii d the difference, and n tho n'iinbef 
efthe terms, we shall have «=o+d5<(n— 1.) 

308. This principle has the two fallowing applications : t 
' 1. Ilservea to find any term of a progression, without oar . 
being obliged to calculate those which precede it. Suppose 
wedemaad, for example, what would be the 100th term of 
the following progression : 

-i-4. 9 . 14 . 19 . -24, etc. 
Since the term sought is the hundredth, it has then 99' 
terms before it ; it is then cotnposed of the first term 4, and 
of 99 times (he ratio 5 ; it is then 4 plus 49d, that is to say, 
499. 

209. 3. This same principle eerves to connect any two 
numbers by a succession of at many other numbers as we 
would, 30 (hat the whole may form an arithmetical progres- 
sion : this we call inserting between two given numbers seve- 
ral arithmetical meun pfoporlionah, or simply, several anfft. 
tnetical meaus. ' 

For example, we can connect 1 and 7, by 5 numbers which 
make an arithmetical progression with ) and 7 ; these num- 
bers are 2, 3, 4, &, € ; but as it is not always easy to deter- 
mine, at first sight, what these numbers should be, we can 
find them by the aid of the principle which we have esta- 
blished, as follows : 

All that is reiiiired is to find the ratio which should reign 
in this progression. 

Now as the greatest of the two proposed numbers is to b« 
the last term of the progression, il should be composed of 
the lirst term, that is to say, of the least of the two given 
numbers, plus as many times the ratio as there are terms 
bcforeit; therefore, if from the greatest of these two numbera 
vre subtract the least, the remainder will be composed of aa 
many times the ratio as there should be terms t>efore ttie 
greatest; therefore (74) if we divide this remainder bylbe 
number of the terms which should precede the greatest, we 
shall have this ratio. 
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Now the namber of the temn which shoald precede tk 
greatest, is greater by a unit than the number of the meui 
which we would insert between the two; therefore to iuai 
beiwim two given wumbert at fnany aritlmeticdl means e» u 
would, we must subtract the host oif thtst two nnmbers from tk 
greatest, and dmde the remainder by the number of the msm 
augmented by a unit. The quotient will be the difference ff 
the ratio which should reign in the progression- 
Having the greatest term of an arithmetical progressioi, 
the least term, and the number of the terms, to find the iit 
ference. 

Since the greatest term is equal to the least term, pksflie 
difierence multiplied by the number of the terms diminished 
by a unit, it is evident that in subtracting the least tenn Crom 
each of these equalities, we shall have : 

The greatest term minus the least, equal to the difference 
multiplied by the number of the terms dimiDished by a 
unit, that is to say, that the difierence multiplied by (he 
number of the terms diminished by a unit, is equal to (be 
greatest term minus the least, that is to say, the difference oC 
the extremes. Dividing the two equalities by the number 
of the terms, diminished by a unit, we shall have the differ- 
ence equal to the difierence of the extremes divided by the 
number of the terms diminished by a unit ; that is to say : 

, «» — a 

a= . 

n— 1 

For example, if between 4 and 1 1 we require the insertion 
of 8 arithmetical means, I subtract 4 from 11, there remains 
7, which I divide by 9, the number of means augmented by 
a unit; the quotient ^ is the difierence which should reigs 
in the progression, which will, consequently, be 

-5-4 . 4J . 5f • 6f . 7^ . 7| . 8| . 9^ . lOf . 1 1. 

In like manner, if we require nine arithmetical means be- 
tween and 1 , subtracting from 1, there remains 1, which 
we must divide by 10, the number of the means augmented 
by a unit, which gives ^Vs or 0,1, for the ratio. And, conse- 
quently, the progression will be 

-r- • 0,1 . 0,2 . 0,3 . 0,4 . 0,5 . 0,6 . 0,7 . 0,8 . 0,9 • I. 

310. We see from this, that between any two numbers, 
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however near Uiey may be to each other, we can always in- 
sert as many arithmetical means as we would. 

We will say no more on the arithmetical progressions, which 
we only speak of here with regard to logarithms ; we shall 
have occasion to return to them elsewhere. 

* The sum of the terms of an arithmetical progression is 
equal to half the sum of the extremes multiplied by the num- 
ber of terms* 

Let us take, for example, the arithmetical progression 

-r-3 . 5 . 7 . 9 . 11 . 13. 

Let us write underneath this progression, this same progres-^ 
sion inverted, ia the following manner — 

H- 3 . 5 . 7 . 9 . 11 . 13, 
^13. 11.9.7. 6. 3. 

It is evident that the sums of the corresponding terms, 3 
plus 13, 5 plus 11,7 plus 9, etc. are equal to one another; 
and that the sum of the two progressions is equal to the sum 
of two corresponding terms, multiplied by the number of the 
terms of one of these two progressions. But the sum of two 
corresponding terms is equal to the sum of the extremes ; 
therefore, the sum of the two progressions is equal to the 
sum of the extremes of one of the two progressions multi- 
plied by the number of the terms of one of them. There- 
fore, the sum of the terms of one of these progressions is 
equal to half the sum of the extremes, multiplied by the 
number of its terms. 

The reasoning would be the same for any other arithmetic 
cal progression ; therefore, the sum of the terms of an arith* 
metical progression is equal to half the sum of the extremes 
multiplied by the number of the terms. 

If we call 8 the sum of the terms, we shall then have 

5=5 — Xn. 

2 

It is by the aid of these two equalities 

IV -4-0 
s= — I— -Xw, 

2 

that the following table is constructed, by means of whicb^ 
knowing three of the five things a, «, d, n, Sj of an arithme- 
tical progression, we can always find the other two» 
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OF GEOMETRICAL PROGRESSION. 
. The geometrical progression is a series of terms of 
li each contains that which precedes it, or is contained in 
I'the same number of times; forexample, this series — 

4r 3 :6 : 12 : 24 : 48 : 96 : 192, 

■ a geometrical progression, because each term contains that 

'hich precedes it the same number of times, which is 

ten 2. 

This number of times is what ne call ike mtio of the pro- 

ii'gression. 

The four points which precede the progression have the 
I same signification as the two points which precede the arith- 
metical progression. (304) But we put [our of them to sig- 
nify that the progression Is geometrical. 

The progression is called increasing or decreasing, accord- 
ing as its terms go on augmenting or diminishing. 

We shall always consider the geometrical progression as 
increasing, because the properties are (he same in both, in 
changing the words to multiply to those of lo dhide, and the 
words lo contain to those of lo be conlaineil. 
, Since the second term contains the first as many times as 
units in the ratio, it is composed of the first multi- 
d by the ratio. 
JpSince the third term contains the second as many times as 
^ere are units in the ratio, it is composed of the second 
multiplied by the ratio, and consequently of the hrst multi- 
rplied by the ratio, and again multiplied by the ratio ; that is 
to say, of the first multiplied by the square, or second 
power of the ratio. 

Since the. fourth term contains the third as many limes as 
there are units in the ratio, it is composed of the third term 
multiplied by the ratio, and consequently of the 6rst multi- 
plied by the square of the ratio, and again multiplied by the 
ratio ; that is to say, multiplied by the cube or third power of 
the ratio. 

For ex^m fie, in the above progresjion, G is composed of the 
first term 3 multiplied by the ratio 3 ; 1 2 is CQmposed of the 
21 
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first term 3, moltipHed by the square 4 of ibe ratio t; 34 ii 
composed of the first term 3 multiplied by tlie cube 8 of tk 
ratio 2. 

212. In continuing the tame reasoning, we see thatm 
term of a geometrical progression is composed of the firsi imdft 
plied by the ratio raised to a power eocpressed bjf the immket 
the terms ishich precede that term. 

Therefore, if the first term of the prc^reasiDn be a mii 
each of the other terms will be formed of the ratio itiel 
raised to a power signified by the number of the terms whidi 
precede it ; for, the multiplication by the first teem wUch ii 
a unit, doei% not augment the product. 

* If we ^11 m the greatest term, a the least, tod y 
quotient or ratio, we shall have : 

To raise a number to a proposed power» to the sefentbi 
for example, we must, according to the idea that we hin 
given of powers, multiply this number by itself six snocei- 
sive times. Thus, to raise 2 to thp seventh power, I d»o(M 
^say, twice 2 are 4, twice 4 are 8, twice 9 are i6» twice 16 
are 32, twice 32 are 64, twice 64 are 138, which is the 
seventh power of 2 ; but we can abridge the operation in di- 
vers ways : for example, I can first square 2, which gives 4; 
cube this 4, which gives 64, and multiply 64 by 2, whid 
gives 128 ; or I can cube 2, which gives 8 ; square 8, which 
gives 64, and multiply 64 by 2, which makes 128 ; in a woid, 
it is of little importance what method we take, provided thit 
-2 be found 7 times factor in the product. 

213. The principle that we have established (SI 2) upon 
the formation of any term in a geometrical progreasioa, voi 
the remark that we have made, may serve to calculate asj 
term whatever of the progression, without being obliged U 
calculate those which precede that term. If we demand 
for example, what would be the twelfth terra of the propesi 
ston 

-1^ 3 : 6: 12 : 24: etc. 
As I know (212) that this twelfth teroa should be cms* 
posed of the firsts multiplied by the ratio raietd to a Dower ef* 
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btid by the number of the terms which precede this 
' twelfth, I see (hat, to form it, I mast mnlliply 3 by the cle- 
I venth power of the ratio 2. To form this eleventh power, ! 
^^obe 2, which gives me 8 ; I cube 8, which gives mc 512 for 
^^■e ninth power, and lastly, 1 multiply 512, ninth poiver of 
^^Knlio, by 4, the second power, and I have 2048 for the 
HpeveTith power of 2 ; I then multiply 3048 by 3, and 1 bare 
r 6144 for the twelfth term of the progression- 
I When we multiply any power of a number by any other 
I power of (hat namber, the sum of the indices of these two 
1 powers, is the*indez of the power that the number is raised 
L to by this multiplication. Thits, 3= X 3'=3'', that is to say. 
L 9X27=243, which is the fifth power of 3. 
W 214, Anolherapptic&lion which we can make of this Banrc 
f principle, is to find as many geometrical means as wcwish 
I between two given numbers. If we required three geomc- 
' trtcal means between 4 and 64, with a little attention, we 
sttptild see (hat these three geometrical means are 6, 16, 32. 
In effect, ^ 4 : 8 : I C : 33 : 64, forms a geometrical progrea- 
I sioD ; but if we proposed other numbers than 4 and 64, or if 
rre required any other number of geometrical means, wc 
I abould not find them so easily. 

We find them by virtue of the principle in question, -an 
follows : 

The questiort requires to find the ratio which should reign 
in the progression, because when it shall be found, we shall 
essriy form the terms in successively multiplying by this 
ratio. 

Let it be required, for example, to find nine geometrical 
means between 2 and 2048 : 2048 wJH then be the last term 
of a geometrical progression which commences with 2, and 
which ought to have nine terms between the first and the 
lost : 2048 is then composed of the first term 2, multinlied by 
the ratio raised to a power expressed by the number of the 
terms which should precede 2048 : hence (69) if we divide 
2043 by the first term, the quotient will be the ratio raised to a 
power signified by the number of terms which ought to pre- 
cede 2048 ; therefore. In seeking the root of this power, we 
ahall have the ratio: now ihis power should be the tenth, 
for. ?s there must be nint^ (pnos between 2 and 2043. there 
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are consequently ten before 2048 : therelbiic we miai epj 
tract the tenth root of the quotient foond % dividing the 
greatest number 2048, by the least number 2. ^ 

315. As we can apply the same reasoning in every <ase, 
let us conclude in general that, to insert between two giza 
numberSi as many geometrical means as toe wish, we mtul 
• dimde the greatest of these two numbers by the leasty which wH 
give a quotient ; toe shall extract of this quotient a root sigf^ 
by the number of the means augmented by a unit. 

Therefore, to return to our example, I divide 2048 by 2; 
this gives me 1024, of^which I seek the tenth root,(t) vrbicb 
is 2. Thus, to form the means in question^ I multiply the 
first term 2 continually by the ratio 2 ; and after having form- 
ed nine means, i again fall upon the number 2048, as ire 
see here : 

^2: 4 : 8 : 16 : 32 : 64 : 128 : 25KiJi'5l2 : 1024:i2d48. . 

In like manner, if it were required to find four geometrical 
means between 6 afld 48, I should divide 48 by &, and should 
extract the fifth root of the quotient 8 -, as 8 has not an exact 
fiflh root, we can never assign exactly, in numbers, foor geo' 
metrical means between 6 and 48 ; but'^ye can approach to 
t this root as near as we wish by a method analogous to that 
of the square and cube roots, which we shall make known in 
Algebra. In the mean time, it is sufficient to conceive that 
it is possible to find a number which, multiplied four times 
successsively by itself) approaches nearer and nearer to re- 
produce 8 ; and that it is the same for any other number and 
any other root ; and hence we shall conclude that between 
any two numbers we can always find as many geometrical 
means as we would, eii^er exactly or by an approximation 
carried to any degree of exactness, and this is all that is ne- 
cessary to enable us to proceed to Logarithms. 

(t) We have not given a method for extractiag the tenth root of a number, 
but it is the same with this as with the square and cube roots ; the squaie 
root cannot have more than one figure when the proposed number has not 
more than two : the cube root ought to have but one figure when the proposed 
number has not more than 3 ; in Uke manner, the tenth root will' never hire 
more than one figure when the proposed number has not more than ten : it is 
the same with the other roots ; the tiHrtieth, for example; will only have ooe 
figure, if the proposed number has not more than thirty figures ; this is demoit- 
• has bcfen done for the square and cube roots. 
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. ^ The sum of Che terms of a g|ometrical pr(^res8ion is 
equal to the proiiuct df the greatest term, multiplied by the 
quoti^t, minus the least term, and the whole divided by the ^V 
quotient minus 1 ; calling s the sum of the terms, we shall 
have: 

_«»X^ — a 
s --. 

Let us take, for example, the following geometrical pfdi^ 
gression : 

■fr2:6 : 18 :54: 162(A.) 
which we may write thus : 

2 : 6 : : 6 : 18 : : 18 : 54 : : 54 : 162(B.) 

But in B. the sum of the antecedents is to the sum of the 
consequents as one antecedent is to its consequent. (Bezout, 
jTo. 1850 Therefore^ J+6 + 18+54 : 6 + 18+54+162 : : 
2:6. 

Now it is ^evident that 2+6+18+54 is equal to the sum 
of the terms of the progression A, minus the last term 1^2, 
and that 6+18+54+162 is equal to the sum of all the 
tcrm^f the first progression, minus the first ; it is then evi- 
dent, niat if we call s the sum of all the terms of the progres- 
sion A, a its first term, its last, q its quotient, we shall have i 

8 — « : s — a : : a : ag 

Therefore, (s-rt^) Xaq^ {$ — a) X a. 
Performing the multiplications in^ykuited, and taking the 
value of $^ we shall find : 

__»X^ — a 
9-1 

It is by the aid of these two equations 

itzszaXq^-"^ 

« X a — a 

?-i 

that the following table is calculated, by means of which^ 
knowing three of the five things », a, 9, n, s, of a geometrical 
progression, we can always find the two others. 

It is by the aid of this table tbf^ we, execute all the most 
difficult calculations of the bank and the finances, such sfs 
compound interest, annuities, etc. 
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OF LOGABITHMS. 
2I6> Logarichms are numbers in arithmetical progreeBioii, 
which answer, term for term, to a like series of numbere 
in geometrical prof^regsion. If we take, for example, the 
Ibllowing geometrical and arilhmi>tical progreeBions — 
-ri- 2 : 4 : 8 : 16 : 32 : 64 : 128 : 256, etc. 
— 3.5.7. 9.11.13. 15 . 17, etc. 
Each term of the lower scries is called the logarithm of 
' the term which is in the eame pUce in (he upper series. 

217. The same number may then have an infinity of dif- 
lerent logarithms, since to the same geomelrical progreasion 
■we can make correspond an infinity of different arithmetical 
progressions. As we shall here consider logarithms only 
irkh regard to the us« vbich we can make of them in nume- 
rical calculations, wa will not stay (o consider the diSerent 
^ geometrical and arithmetical progressions, which we might 
compare to each other ; we shall directly proceed to those 
which have been considered in the formation of the tables of 
f logarithms. 

313. The decuple progreasion is chosen for tbe geometri- 
^ eal progression, and the natural series of numbers for the 
letical progression; that is to say, the two following 
^ressions — 

■ 1 : 10 : 100 : 1000 : 10000 : 100000 : 1000000 
-0.1.3.3. 4 . 6 . 6. 
919. Thus, it is easy to perceive that the loj^^irithm of a 
J unit followed by any number of ciphers has always as many 
units as there are ciphers on the right of the unit. 

We shall not here teach the method which was followed 
to 6nd the intermediate logarithms of the decuple progres- 
sion ; it depends upon principles that ne cannot here cs|dain ; 
' but we shall show their formation in 3 way, which, truly, 
would not ^e the most expeditious for calculating these 
l logarithms, but which suiScts as well for the understanding of 
(his formation as to give a reason for the uses to which we 
apply these airtigcial numbers. 

220. According to the definition (hat we have given of 
logarithms, we see that to have the loganlhm of any number. 
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of 3, for example, this number must make a part of th6ioiif| 
damental geometrical progression.. Now, although we ' 
not see that 3 can make a part of the geometrical pi 
sion -rr 1 : 10 : 100, etc. ; we see, however, that if, betm| 
1 and 10, we should insert an exceeding great number of 
metrical means,(2l4; asnire should then ascend from 1 toll 
bf degrees, so much the more compact as. the number 
these means should be greater, one of two things would h^l 
pen ; either that some one of these means would be foaii 
preciselj the number 3, or that there should be found tml 
^oecessiye numbers, between which the number 3 woald kl 
comprised) and the difference of each of which from 3 wodil 
be less in proportion, as the number of the means iii8eitel| 
should be greater. 

This established, if we should insert, in like manner, k* I 
tween and 1 as many arithmetical flieans as we have if 
serted geometrical means between t'and 10, each4Mi ^\ 
the geometrical progression having for logarithm the corres- 
pdnding term of the arithmetical progression, we sbooldtilre 
in this, for the logarithm of 3, the number which should here | 
be found in the same place as 3 is found in the geometncal 
progression; or, if 3 were not exactly one of the terms of| 
this, we should take, in the arithmetical progression, the tem 
answering to that in the geometrical progression, which ap*] 
preaches the nearest to the number 3. 

It is thus that we should proceed, in effect, if we hadnotl 
more expeditious means. At any rate, this is the amount of { 
the calculation of logarithms. 

221. We must then represent that having inserted lOOOOOO 
geometrical means between 1 and 10, a like number between 
10 and 100, a. like number between 100 and 1000, etc. we 
have also inserted the same number of arithmetical meaa 
between and 1, the same number between 1 and 2, the 
same number between 2 and 3 etc. j that having ranged all tht 
first in the same line, and all the second underneath, we bale 
sought in the first the number nearest to 2, and have takei 
in the lower series the corresponding number ; that we hate 
likewise sought in the first the number nearest to 3, and tot 



we have taken in the lower series the corresponding namher; 

that we have done the same Bucceasively, for the numbtn 4, 

^ fi, etc.*; that, tinail^, having transported into the same co- 

Innui, as we see in the tabic, the numbers ], 3, 3, -l, 5, etc. 

I we have written in the adjacent column the terms of the 

[ arithmetical progression corresponding to these, or at least, 

, tbose nhich approach the nearest to them; (hen we shall 

lave the idea of the formation of l(^arithms, and of their 

disposition in the ordinary tables. 

The table at the end of the book contains only the decimal 
part of the logarithm of each number as far as tOOOO, except 
the part from 1 to 100. 

222. Let tis remark, with regard to this Tabic, that the 
first figure which should stand on the left of each logarithm, 
that is to say, the figure on the left of the comma, is called 
the iWex, because it indicates in what decade the number is . 
comprised to which this logarithm belongs; for example, if 
the number be between 1000 and 10000, because the loga- 
rithm of 1000 is 3, and that of lOOOO being 4, any number 
between 1000 and 10000 can only have for its logarithm 3 
and 3 fraction ; the logarithm has then 3 for its index, and the 
other figures express this fraction reduced to decimals. 

From what we have here said, it is plain that the index o/' 
a tagarilhm is always one Itss than the number of figures con- 
tained in ike Tchoh number. 

Hence, the index of 1 16 is 2, being one less than the num- 
ber of figures contained in 116; also, the index of 126,3 is 2, 
for ahhough this number contains four figures, yet there are 
only three belonging to the whole nujnber, the 6^ure 3 being 
a decimal. 

To find the logarithm of a number consisting of three 
figures, 1 seek this number in the left hand column of the 
table, and opposite to it, in the column marked at' the top 
or bottom, I find the decimal part of its logarithm, to which 
I prefix the index as signified above: thus the logarithm of 
37G is 2,440909. 

To find the logarithm of a number consisting of lour 
figures, seek the first three figures in the left hand column ; 
opposite to these, in the column marked with the fourth figure 
2? 
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«t tbe lop or bottom, is Ibc decimal part of. th« 
quired, (o which prefii tbe index as before : thtu the 1(| 
1263 IB 3,101403; that of 12C,3 is 3,101403; and ' 
13,63 it 1,101403. 

PROPERTIES UP LOGARITHMS. 
333. Ab we here only treat of logarithms such ai Ihe^ 
in (be ordinary tables, (be properties <re are aLhout to ei| 
relate only to the georoelrica! progressions which have t 
for the &rst term, and (be arithmetical progressions ■ 
have a cipher for the lint term. 

Let us then compare, term for term, any geofnetrical[ 
gression, having a unit for the first term, with any ajithmel 
progression having a cipher for the first term ; for eui 
the two following progressions : 

^ I : 3 : 9 ; ^27 : 81 : 243 : 729 : 2187 : 6561, etc. 
-1-0. 4 . 3 : 12. !6 . 20 . 24'. 28 . 32, elc. 
It follows from the nature and perfect correspondeno 
these two progressions, that as many times as the ratio of 
first is factor in any one of the terms of that progressioii, 
many times tbe ratio of the second is contained in the con 
ponding term of the second ; for exuniple, in tbe term 21 
the ratio 3 is 7 times factor, and in the temn 28, the ratio 4 
contained seven times. 

In efiect, according to what has been said (30fi and 31 
the ratio is factor in any term whatever of the fir^t as 
times as there are terms preceding it ; and in the second, 
term whatever is, composed of as many times the rafie 
there are terms preceding it. Now there is the same oam 
of terms on the one hand and on the other. 

Let us thence conclude, that any term of the geometri 
progression will always have for its correspondent in 
arithmetical progreaslon, a term that will contain the ratio 
this as many times as the ratio of the first is factor inthetl 
first mentioned. 

2S4. Therefore, ij ue mulliply the one by the other two tfl 
of iht geometrical progression, and if we add at t!ie same t 
the Ueo corresponding termf of the arUhnetkal progresii 
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the produci and Ihe »v,m will be Mo terms that will correepoftd 
wUh each other in these progressions. 

For it is evident thai the ratio will be factor in the product 
as msiny timesas it ia in both the terms multiplied ; and that 
the ratio in the arithmetical progression will be contained in 
the sum as man; times as it is in both the terms added. 

S35. Therefore, we can, hy (he addition alone of two 
terms of the arithmetical progression, find the product of the 
two corresponding terms of tbe geometrical progression, sup* 
posing these two progressions to be sufficiently extended. 

For esample, in adding the two terms 9 and 24, which cor- 
respond with 9 and 729, I have 32, which answers to 6561 ; 
whence I conclude that the product of 729 hy 9 is 6561, 
which it is in effect. 

336. Therefore, since the natural numbers which compose 
the first column of the table of logarithms, have been taken 
from a geometrical prc^ression which commences with a unit ; 
and since their logarithms are the corresponding terms of an 
arithmetical pri^ression which commences with a cipher, we 
shall conclude that in adding the. logarithms of (too numbers, 
toe have the logarithm of their product. 

tJSE OF LOGARITHMS. 
227. To perform a multiplication by logarithms, we must 
add the logarithm of the multiplicand to the logarithm of the 
multiplier; the sum'will be the logarithm of the product; 
irtierefore, seeking this sum among the logarithms of the 
table, we shall find the product opposite ; for example, if we 
propose to multiply 14 by 13, i find in the table that the 
Ic^rithmof 14 is - - 1,146138 

and that tbe logarithm of 13 is - 1,113943 



Tbe sum total - 2,260071 

•DBwers in the same table to the number 183, which is in 
effect the product. 

S38. To square a number, it is sufficient then to double its 
logarithm, since we should add this Ic^arithm to itself in order 

ImDltiply tbe number by itself. 
{39. For the same reason, (o cube a Dumber, we movt 
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D vhich tbowR that the iubtraciioti baa not been 
peHbrmed. This is the sigrj minus — . Thus the It^uitt 
of the fraction J} is — 0,917648. t 

336. This sign is inteodcd to show in the calculttioo, tb 
(he logarithms of fraclioDS sbonld be employed stccordlDg' 
a rule eatirel}' opposed to tliat which we have prescribed i 
the lo(j;ttrithinB of nhole numbers, or of whole nombeti joii 
to fraclioDS . that is to say, that if we have to multiplj bj' 
fraction, we must subtract the It^arithm of this fraction;' 
on the contrary, we have to divide by a fraction, we nudt 
its logarithm. 

The reason of this is, for the multiplication, that to mdtt 
ply by a fraction is to multiply by the numerator, and (o di 
Tide afterward by the denominator ; therefore, when we a 
rate by logarilhrnt, we should add the logarithm of the Bin 
rator, and afterward subtract that of the denominator, 
which amounts to the same thing, we should only BDbtru 
the excess of the logarithm o[ the denominator above that 
the numerator : now. this excess is precisely the logariliupo 
the fraction. With re-^afd to the division, the reasoiiit alx 
easy to romprehend. In eflecl, to divide by | is (109) 
multiply by i , therefore, in operating by logarithms, wemi 
add the logarithm uf a, that is to flay,(-234) (he diSereDce bi 
tween ihr logarithm of 4 and the logarithm of 3, or betwee 
the logarithm of tlie denominator of the proposed fractio 
and the logarithm of its numerator. 

23T. It often happens, that in converting to a single fnctiil 
the whole number and the fraction, the Ic^arithm of wbie 
we ^t^ek, the numerator is a number which passes the 
of the table. For example, if wc would have the logaiittl 
of JJiViV' 'Ii'S n imber reduced to a fraction becooH 
^TTi") 'h^ numerator of which passes the litnita of the ma 
extensive tables. 

Itistlien proper to know how we can find the logarithm I 
a number which passes these limits. 

t To conaider negative numbers us number 
« T«i7 film idea, aa tfaeru can b< 
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_S'he method we are about to give is not rigorously exact, 
Hit it IB more than sufficiently so for ordinary purposes. Be- 
ibre we expose it, let us observe : 

238. 1. That m adding 1, 2, 3, etc. units to the index of 
(he logarithm of a number, we multiply this number by 10, 
100, 1000, etc., since this h to add the logarithm of 10, of 
100, or I000,etc.{219 and 227.) 

2. On the contrary, if we subtract 1, 2, 3, etc. units from 
the index of a logarithm, we divide the corresponding num- 
ber by 10, 100,1000, etc. 

239. This established, let it be n quired to find the loga- 
rithm of 357859. 

I shall separate, by a commii, upon the right of this num- 
ber, as many tigures as are necessari , ,>» thai (In remainder 
may be foumi ui the table. Here, for instance, 1 shall sepa- 
rate two, this will give me 3578,5!),.nhich (28) is a hundred 
times less than the proposed number 3571139. 

I seek in the table the logarithm of 3578, and apposite 
357, and under 8 1 find that the decimal part of this loga- 
rithm is ,553040, to which, because the number consists of 
four 6gures, 1 preliii the index 3, and I have 3,553640 ; I 
take at the same time by the side of this logarithm,! the 
difference 122, between this logarithm and that of 3579; 
a^er which I make this rule of three : if, for 1 , unit of dif- 
ference between the two numbers 3579 and 3578, we have 
122 difference between their logarithms, how much for 0,50 
difference between the two numbers 3578,59 and 3570, shall 
we have of difference between their logarithms ? That is to 
say, 1 seek the fourth term of a proportion, of which the 
three first are : 

1 : 122 : : 0,59 : 
This fourth term is 71,98, or 72 adding a unit to 71 because 
the decimals separated exceed 0,5. 1 add then 72 to the 
logarithm 3,553640 of 3578, and 1 have 3,553712 for the 
logarithm of 3578, S9 ; all that is now required to have that 
of 357859, is to add two units to the index of the logarilhm 

i The difTerenm ftre Toimd by tbe side of the logniitbins in the column. 
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the MBber a/Vit bad M 
•i 10^ 100, or lOGO, ill fciii gmler 
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Ml. Laitij, tf there be noCfaiag b«t ii i JMilf m *e fio- 
piiei Mmber, we diaU itai ieik tfaii saaber m flie tobk as 
iffihodoocoflMtt; and haTwg taken thecorresfonfingliH 
g i fit hnit ire ihaD anbtract it finasas naaj aoiti aa dieie aie 
ittriawft in this fame nombei^ and to the anmber we dnB 
prafix tb<e fign -* ; (or i ■ inyli , to haTe the logariflun of 
0/)a, 1 aeek that of 3 which it (M77121 : IfobCnetitfroiaS 
atiiii^ and pr^ftut^ to the remainder the sign— , I have— 
f ^»KZ19 for the logarithm of Ofii. !o e&ct, 0,03 is nothinB 
eke than ^f^ : now, to hare the lagarithm of ^l^, ve magi 
{Ub) •obtract the logarithm of 3, firom that of 100, and pie- 
fix to the remainder the sign--. 



t^ 



OF THE LOGAXmiMS OF WHtCflTTHB MMBEBS ABE NOT 

FOUND IN TUB TABLX. 

342« Thii research ii no less necessarj thdl the piece- 
dffig* For example^ in diyision, it rarelfr happens that the 
^ootient is a whole number* Now, if we perform the ope- 
ration bj logacftbms, we shall not find io ttie table the re- 
fltifiifig logarithm, except when the quotient shall be a whole ^ 
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BUinber. There is an infinit7~of other cases of the time 
kind. 

343. Let us propose to find the number aoswering to a 
proposed logarilhm, whether it exceed the liuiils of the table, 
or whether it fall between the logarithms of the table. 

We shall subtract from the index as man; units aa are 
nccessarj in order to End in the table the first figures of the 
proposed logarithm thus prepared. If all the figures be 
then found in the table, the number sought will be the same 
number that we find apposite to (his lo^rithm in the table ; 
but we must place as manj' ciphers an the right of it as we 
have taken units from the ifldex.(23S.) 

For example, the logarithm T.GSUOO? is found (after har- 
iog taken 4 units from its index,) to answer to the number 
4966; I therefore conclude that the proposed logarithm 
7,696007, answers to 49660000. 

If we find in the table only the first figures of the I<^- 
ritbm, we operate as in the following example : 

To find the number answering to the logarilhm 5,243376, 
I take 2 units from its index ; the logarithm 3,243276 which 
I then have, falls between the logarithms of 1 750 and 1 751 : 
the number to which it aDSwere ia (hen 1750 and a fraction. 

In order to have this fraction, I subtract from my loga* 
rithm 3,243276, the logarithm of 1750, and 1 have for the 
difference 238. 

I take also in the table (he difierence 348 between the 
logarithms of 1751 and 1750; after which 1 make the fol- 
lowing Rule of Three ; 

If 248, the difference between the logaritfamt of 1751 
and 1750, 

Answers to I, unit of difiference between these numbers. 

To what difference of the numbers should 238 answer, 
which is the'diflference between my logarithm and that of 
]?50? 

I find for the fourth term ||1, or lij ; therefore, the log- 
arithm 3,243276 belongs to the number I750i^j-, very near- 
ly; consequently, the proposed logarilhm, which belongs to 
■ number 100 times greater,(238) has for its correspondeirt 
23 
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number 1 75000 LiiAi; that is to say, 175095Hli or.kiren 
diicing the fraction to decimals, it has for its correspondent 
number 175095',97. 

S44. If the proposed logarithm should fall between those 
of the table ; there would be no unit to subtract from ite in- 
dex, and, consequently, no cipher to add at the end of the 
operation, which we should otherwise perform in the same 
manner* , 

245. But as the proportion that we employ in this method 
is not rigorously exact,t and as it only approaches near the 
truth, when the numbers sought are great; if the proposed 
logarithm falls below that of 1500, we must for greater «• ; 
actncss, add to its indeVi as many units as we can without ; 
passing the bounds of the table ; and having found the num- ^ 
ber which comes the nearest to it in the table, we shall sepa- 
rate on the right as many Bgures, by a comma, as we have 
added units to its index, which will, in general, suffice; but 
if we would have more decimals, we shall make the pro- 
portion as above,(243) and, reducing the fourth term to 
decimals, we shall place these on the right of those which 
we have already found. 

For example, if we would have the number answering to 
the logarithm 0,543273 ; as this logarithm falls between 3 
and 4, and^as the number to which it belongs is, consequent- 
ly, much under 1500, I seek this logarithm, with three units 
more to its index ; that is to say, I eeek ^543273 ; I find that 
it falls between the logarithms qf 3493 and 3494, whence 
I conclude that the number sought is 3,493, to within a thou- 
sandth. But if this approximation does not suffice, I shall 
take the difference between my logarithm and Uiat of 3493, 
which is 74; I shall likewise take the differehce 124 be- 
tween the logarithms of 3494 and 3493, and I shall seek, rea-* 
soning as above, the fourth term of a proporticyi which com- 
mences with these three : 

124 : 1 : : 74 : 

This proportion supposes that the differences of the logarithms are pro- 
portional to the differences of the numbers, which is never exactly true, but 
approaches near enough, when the numbers are somewhat great, aiid this ». 
sQfil^ient for all ordinary purposes. ^. 
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.TWs fourth term is worth in decimals Q,59 ; wherefore the 
ilu^lHlK' sought is 3,49359. 

This second approximation is also limited, because the 
logarithms of the table being only eiract to within about half 
a decimal unit of the sixth order, the differences are affected 
by this small error ; but we can always carry the approxima- 
tion with confidence as far as two decimals : the remark that 
we here make ought also to direct in the use that we have 
made above (239 and 243,) of the same proportion. 

246. If we would have the fraction answering to a pro- 
posed negative logarithm, we must subtract this logarithm from 
1, 2, 3, or 4, etc. units, according to the extent of the table ; 
and having found the number which answers to the re- 
maining logarithm, we shall separate upon the right, by a 
comma, as many ciphers as there were units in the number 
from which we subtracted the logarithm. 

For example, to have the fractiojl answering to — 1,532732, 
I subtract 1,532732 from 4, there remains 2,467268, which in 
the table is found to be between the logarithms of 293 and 
294 ; I conclude thence that the fraction sought is between 
0,0293 and 0,0294 ; that is to say, that it is 0,0293 to within 
a ten-thousandth. In effect, to subtract from 4, the proposed 
logarithm 1,532732 is (2'^^o multiply 10000 by the fraction 
to which this same propostW logarithm belongs, or which is 
the same thing, it is to multiply this fraction by 1 0000 5 there- 
fore, the number which we find is 10000 times too great ; we 
must therefore consider it as ten-thousandths. 

All that we have said will have abundant application in the 
sequel. 

Let us be satisfied for the present with giving an ^dea, by 
some examples, of the facility and promptitude with which 
calculations are peltefined by means of logarithms. 

Example I. 
What is the quotient of 17954 divided by 12836 to within 
a thousandth ? 

Logarithm of 17954 - 4,254161 

Logarithm of 12836 - 4,108430 



Remainder 0,145731 



■41- 
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Tluf remtiiider, sought in the tiUe with an index o 
imiti, uswen to 1396 ; therefore (338) the qootieiit 
k 1,398. 

Example II. 

Whit it the cobe root of 53 to within a thooBandtfif 

The Jogftrithm of 53 it - 1 ,724376 

Its third (330) U - - 0,574759 

Thii last, sought in the table with an index of three siili 
answers to 3756 ; therefore (338) the root sooght ir3y7i6. 

To JQ^ of the advantage of Ic^rithma, we have ooljk 
seek this root by the method given (156.) We moatnot « 
this accoont regard this last as uselev ; for it extends toe 
infinitj of namb^ to which logaritbma would not attsisi \\ 
reason of the limilsof thetables. 

ExAMru III. 

We woarfhave, to within a hundredth, the fiftti root offe 
cube of 5736. 

Wetri|de the logtfithm 3,758609, of 5736; and wt\»t 
11,375837 for the logarithm of the cube of 5736. Tab| 
the fifth of this last logarithm, we have 2,255165 ior & 
logarithm of the fifth root of the cube of 5736. Ths 
logarithm, sought in the table with an index greater by t«« 
units, to have hundredths, answers between the annbeii 
17995 and 17996 ; the root sought is then 179,95 to withiai 
hundredth. 

ExAMPUt IV. 

Let it be required to find four geometrical naean prsf» 
tionab between 3} and 5^. 

We must (315,) to have the ratio which should leigia iath 
piogiression, divide 5| by 8|, and extract tha QfOi root of th 

By logarithms, ttiis operation is very simple. | deterna 
by die taUe die kgarittim of 5|, or V ; >t ia 0,759668. 
aho detenmae die logarithm of 2| ; it is 0,425969. 1 tte 
labtzact (S31) due logvidaa firom the ibst, and I hsf 
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^333699 ; then taking (230) the fiAh of this last, 1 have 
5,066740 for the logarithm of the ratio sought. This 
tgarithm, sought in the table with an index of 4 units, to have 
I decimals, answers to IIGGI, to withiuaunit ; therefore, the 
ratio is 1,1661, to within a ten-thousandth. All that we re- 
Jiquire then, to have the mean proportionats, is to multiplj' the 
Ugrst term 3| by 1,1GG1, and this product bj 1,1661, and'sO 

But these operations may be performed much more 
taomptly by the aid of logarithms, in adding successively to 
e logarithm 0,425969 of the first term 2!;, the logarithm 
,066740 of the ratio, its double, its triple, and its quadruple, 
> that we shall have 0,492709 ; 0,559449; 0,626139; and 
0,692929 for the logarithms of the (our mean proportionals 
required. And if we seek these logarithms in the tabic, with 
three units for their index, we find that these four mean pro- 
portionals are 3,109; 3,626; 4,228; and 4,931. 



Remark. 

When in an operation where we make use of logarithms, 
there are found some which should be subtracted, we can 
simplify the operation as follows : 

When we have to subtract any number from another which 
is a unit, followed by as many ciphers as there are figures in 
the first, the operation is reduced to the writing of the differ- 
ence between 9 and each of the figures of the proposed num- 
ber, with the exception of the unit or last figure, for which 
we write the difference between 10 and this figure. For ex- 
ample, if I have 526927 to subtract from lOOOOOO, f subtract 
successively the figures 5,2,6,9,2 from 9, and the last figure 7 
I subtract from 10, and I have 473073 for the remainder. 

This remainder is what is called the aritkmelkal comple- 
ment of the proposed number. 

The subtraction made in this manner being too simple to 
be considered an operation, it thence follows that when we 
shall have to form a result of the addition and subtraction of 
several numbers, we may always reduce the operation to ad- 
dition. For example, if it be required to add the two num- 
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ben 673736, 426453, and to subtract from their aaili the ts 
Bumber4433752, 18675, which requires two additiopB ui\ 
subtractioDy I substitute for this operation tb^ foUowii^ : 

672736 

426452 

Arithmetical complement of 432752 567248 

Arithmetical complement of 1 8675 98 1 325 

Sum 2647761 

that is to say, I add together the two nbmbers first propoK^ 
and the arithmetical ccAnplements of thd two last ; the soai 
3647761. We most suppress the first figare 2, and (he » 
maining figures 647661 are the required result. 

The reason of this operation is easy to perceiye, is 4 
serving that if instead of subtractii^ 432752 as we propoie^ 
I add its arithmetical complement, that^ is to say, 1008001 
minus 432752^1 make at the same time the proposed sabtno- 
tion and an^ugmentation of 1000000, that is to say, of atei 
to the first ^ure of the result ; therefore, for each arilindi- 
^ cal coihplement that J have introduced, I shall have a fen too 
much with r^rd to the first figure of the result. 

The application of this to logarithms is evident. 

Let it be required, for example, to divide 3760 by 79. 

We should in this case subtract the logarithm of 79 bo^ 
thai of 3760. 

Instead of this operation, I write log. 376b . 3,575188 

Arithmetical complement of log. 79 - 8,102373 

Sum 11,677561 

Therefore, 1,677561 is the logarithm of the quotient, and 
answers to 47,59 to within a hundredth. 

Let us suppose, for second example, that it be reqaiiel 
to multiply m by fff ; we ought (106) to multiply 675 bj 
952, and 527 by 377 ; and then to divide the first product bj 
the second. 
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^* By logarithms, we shall operate thus : 

Logarithm of G75 - - - 2,829304 

Logarithm of 952 - - - 2,978637 

» Arithmetical complement of the log. of 527 7,278189 
Arilh. comp. of log. of - - 377 7,423659 

Sum 20,509789 

The logarithm of the result is then 0,509789, which, 
sought with three units for its indes, answers to 3,234 : 
wherefore, 3,234 is the required product. 

We can make use of the arithmetical complement, to put 
the logarithms effractions under the form of those of whole 
numbers, and employ them in the same manner in the cal- 
culation j by this means we shall avoid the distinction of ne- 
gative and positive logarithms. It will suffice to remember 
that the index of a logarithm of a fraction, properly so call- 
ed, is too great by 10 units. 

For example, to have the logarithm of |, which (96) is 
nothing else than 3 divided by 4 ; instead of subtracting the 
logarithm of 4 from that of 3 ; that is to say, instead of eub- 
tracting the logarithm of 3 from that of 4, and preSning to 
the remainder the sign— (236 ;) to the logarithm of 3, 1 add 
the arithmetical complement of the logarithm of 4 ; 

LogarithmofS - - - 0,477121- 

_ Aritb. comp.of log. of 4 - - 9,297940 



Sum 



9,775061 

• This sum is the logarithm of 3, the indes of which is too 
great by lOunita. Now, it is not necessary actually to make 
the diminution ; we can reject ten at the end of the opera- 
tions in which we shall employ this logarithm. 

The same rule applies also to decimal fractions ; thus to 
have the logarithm of 0,575, which is nothing else than t'tVij 
to the logarithm of 575, 1 should add the arithmetical com- 
plement of the logarithm of 1000. 

In thus employing the arithmetical complements) instead 
of the negative logarithms of fractions, it is not more difficult 
to find, in the table, the value of these same fractions. Since 
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when I know that a proposed logarithm is, or contains oi 
or more arithmetical complements, I knon that its indei 
too great by as maoy tens as there are aritlimetical comph 
ments in its formation ; therefore if it surpass this number; 
tens, it will be easy to diminish it, and to find the number 
which this logarithm belongs, which will be a whole numb 
or a whole number joined to a fraction. 

But if the index be below the number of tens by nhiclt 
is too great, il certainly belongs to a fraction which I sfai 
find in this manner : I seek, by what has been said (24 i 
fol.) to what number the proposed logarithm answers ; a 
whcu I have found it, I separate by a commai as many te 
of figures on the right, as there are tens too many in tl 
index. 

For example, if I bad 8,732235 for the logarithm resultil 
from an operation in which there has entered an arithmetic 
comptcmentj I see, since its index is below ten, that it Ii 
longs to a fraction. I seek Rrst (-243) to what numbi 
C,732233 answers, considered as a whole number ; I find Ii 
it answers to 539802500; separating 10 figures, I hafi 
0,0539802500, for the very near value of the frsctioo wbic 
answers to the proposed logarithm. 

But as it is rarely necessary to have these fractions to stu 
a degree of precision, we shall abridge the operation in ( 
minishing the index of the proposed logarithm, as much 
is requisite to make it fail among those of the table, and 3 
taking simply the corresponding number, we shall separate as 
many figures less than the number prescribed by the prece- 
ding rule, as we have taken units from the index. Thus, ;' ~ 
the present case, I diminish the index by 5 units, and havifii 
found that the corresponding number is 5398, 1 separate oi^ 
live figures, and I have 0,0539Q. 

In the raising of powers we must observe, that in muld 
plying (226) the logarithm by the number which is the indd 
of the power, we shall find that we also multiply that 1 
which the index is too great. Thus, in raising to the cuM 
for example, if there enters an arithmetical complei 
that is to say, if the index be too great by 10 units, that 4 
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the logarithm of the cube will be too great by 30 units, and 
so on for the others. It will then be easy to bring it to its 
Just value- 
la the extracQbn of the roots, (o avoid all error, when 
arithmetical complements enter into the logarithms of which 
we make use, we should be careful to add to the index or to 
subtract fronj it as many lens as are necessary, to the end 
that (he number by which it is too great may be precisely as 
y many tens as there are units in the index of the root : and 
I baving, conformably to the ordinary rule, divided by the in- 
dex of the root, the index of the logarithm will be precisely 
10 units too great. 

For example, if we would have the cube root of f J^ ; to 
' fbeiogarilhm of 276, I add the arithmetical complement of 
, the logarithm ef 547. 

Logarithm of 276 - - - 2,440909 

Arith. comp, of log. 347 - - - 7,262013 



Sum 



to the index of which I add 



9,703922 



9,702922 



iif order that it may be too great by 3 tens, and I have 
29,702922, the third of which,~9, 900974, is the logarithm of 
the cube roof required. Therefore, confarmably to what 
has been said above, I find that this cube root is 0,7961 to 
within a ten thousandth. 

The arithmetical complements are chiefly useful in the cal- 
culations of trigonometry, consequently in many operations 
of pilotage and surveying which we would perform to a cer> 
tain degree of exactness. 

•DSEOF THE AHITHMETICAL rEOGRESSION, (P«gB JCO.) 

Problem I. 
A certain person, indebted to another, acquitted himself in 
Mveral payments, each of which exceeded the preceding by 
Ai; thefirstpayment was ^3, and thelast^91. Wedemand. 
'It What was the number of payments ? 2. The sum due? 



L 
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Problek V. 

$10B1 was paid in sereral payments, the difference of eadj 
payment was $Aj and the first payment was $S. We di 
1. What was the number of payments? 2* The hst 
ment ? 

1. Since we know the sum of the terms 1081(5}) the &\ 
ference 4{d,) the first term 3(a,) and that 

we shall have 



1 3.2 /2X1081 1 3 , 3X3 ^„ 

2 ^4^V 4 ^4 4^4X4 

2. Since we know the first term 3(a,) the diflerence 4(4) 
the number of terms 23(n,) and that ^=a-f-rfn--d, wc 
shall have 

a,=3+4X23— 4=9K 

The number of payments was 23, and the last payment ^91. 

Problem VI. 

A certain person paid ^1081, in twenty- three payments, 
which surpassed each other equally ; the first was $3. Wt 
demand, I. What was the last payment ? 2. What was the 
difference of the payments ? 

1. Since the sum of the terms .9=1081 ; the number of 

terms ?t=23; the first term a=3, and since a»=— —a, we 

n 

shall have 

2X1081 
4»= — 23 3=91 dollars the last payment. 

2. Since the last term u»=9I ; the first term a=31 ; the 
number of the terms n=23, and d=t!— - we shall have 

91—3 
<^=23H7'^^ dollars the difference of the payments. 
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Problem Vli. 
We bave paid an unkDown sum in twenty-three payments, 
ffbicb Burpassed each other by ^4 ; the last payment was 
|91. We demand, Jst What was the first ? 2d. What was 
the sum discharged ? 
' I. Since the numberofterms?i=23; thedifferencO(f=4; 
the last term ai=91, and since 0=4, — dn+rf, we shall have 
(1=^91—4X23+4—3 dollars the first payment. 
2. Since we know that the first term a=3 ; that the nnm- 
ber of the terms n=23; that the last term «=91,and that 

»= — 5 — , we shall have 



3X23+91X23 



1 dollars, the sum discharged. 



Problem VIII. 

We have paid $1081 in several payments, which surpass' 
ed each other by $4 ; the last payment was $91. We de- 
mand, 1. What was the number of payments ? S. What was 
the first payment 1 

Since we know the sum of the term s which is equal to 
1081 ^ that the difference 1^=4 ; that the last term «=9I. 

and that n=J + -.+ \/-'' 

wc shall have 



T+i+:>+ 



d'^d' 



*+V + ^(= 



91= \ 



3. 



Problem IX. 

We have paid $1031 ia twenty-three payments, which 
surpassed each other equally ; the last was $91, We de- 
mand, 1. What was the 6rst payment ? 2. What was the dif- 
fercDce of the payments ? 

I. Since we know the sum of the terms j which is equal 
1081 : that the number n of tbe terms is equal to 23 j ^^1 



4 • 
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* Off 

the last term « is equal to 91, and that a= iw> we sh 

2X1081 

have a~ 91 =3 dollars the first payment 

33 

3d. Since we know the number of terms n which is ^m 

to 23 ; that the first term a is equal to 3 ; ttiat the hot tea 

tfig equal to 91, and that ds: r' we shall have 

• II— 1 

W-— 3 
<iaBj|r — ' =s4 dollars the difference of the payments. 

Problem X. 

A person paid {(1081 in twenty-three payments, iM 
surpassed each otl^er by ^4. We demand, K What was lb 
first term f 3. What was the last ? 

1. Since we know the sum of the terms s which is eqmlto 
1081 ; that the number of the terms n is equal to 23*, U 

the difference d is equal to 4, and that a 3= fM 

* H 3 

. „ . 1081 4X23—4 . ^ 
shall haye a=: — T^ "^^ *® *"* *^"™- 

2. Since we know the number of the terms n whicbii 
equal to 23 ; the difference d which is equal (o 4 ; the fiisi 
term a equal to 3, and that ai=a+dn — rf, we shall have 

«=3+4X23— 4=91 the last term. 

USE OF THE GEOMETRICAL PROGRESSION FOR TH£ CALCU- 
LATION OF COMPOUND INTEREST, (Page 166.) 

In every rule of compound interest, the sams due, at th 
end of the several years, form a geometrical progression, thi 
first term of which is the capital, the second the capital mal 
tiplied by a unit augmented by the interest, the third is eqoi 
to the second multiplied by a unit augmented bj the interes 
and 80 on* 

Let the capital be, for example, ^1200, and the intere 

at ten per cent., or, which is the same thing, ^^^ per dolb 
II 18 evident that the sum due at the end of the first ye 
will be equal to once the capital ^1200, plus 1200 times < 
of a dollar ; that is to say, 

1200 X<1 + ^), 
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that 18 to sa J, ' 

1200XU; 

that the sum due at the end or the second year will equal 

12*IXHXH; 
that is to say, 

1200 x(U)';^ 

that 4ie SMtn 4ae at ibe e»d of the third year wUl equal 

i20Ox(H)' ; 

and 60 on in succession. 

Now, it is evident that ibe numbers 1200, 120DX|i^ 
2200X(|!j^3, 1260 X(H) ^9 etc. form a geometrical progves- 
sioD, of which the first term a equals 1200, the quotient 9 
equals |^, and of which any term « equals 1200X(|^*~^ 

Ther^are, calliag;a Ibe first term, r the interest of a doI<* 
lar, the quotient will equal 1+r, and we shall have 

^a : aX(l+0 : aX(l+r)2 : a>i{l+ry : .... 

dr=1200X(l+r)'*-'. 

What i have said of compoufid interest applies, word for 
word, to the increase of population. 

To make use of the table, (page 166,) for the resolving of 
all the problems relative to the rules of com.pound interest, 
and to the increase of population, it will suffice then to sub* 
stitute 1 +r for q. Thus, instead of the formulae 

we shall have, first, 

that is to say, 

r--l+''iy-=-.l4-^^ 

wc shall have, secondly, 

^ , Lif—La 

Problem I. 

We have placed at interest ^1000000, at the rate of .|en 
per cent, compound interest. What sum shall we touch at 
the end of five years and a half? 
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The sam that we shall touch at the end of the fiftii year 
will equal aq'^ plus the half of the interest oi cuj^ during a 
year ; that is to saj^ 

therefore, the sum that we shall touch at the end of five yean 
and a half will equal 

a7«+09»XTVXi=1000000(H)» + lOOOOOO(H)*XTVXi=? 

^16910361. 

Problem IL 

We have touched ^1610dlO fora capital, placed five yean 
since ; the compound interest being one-tenth per dollar, 
what WM this capital ? 

Since we know the last term 1610510 {m\ the number of «] 

J f'^ 

terms 6 (n), the quotient \i (9), and that a=-— ^ we shall 

have 

1610510 1610510 1610510X10* 1610510X100000 



a 



(H)"""' """ ii! "" ' ^^' "" 161051 

10* 
= 1000000 dollars, the required capital. 

Problem III* 

We have touched ^1691035^ for a capital, at interest for 
five years and a half, the compound interest «being at ten per 
cent. What was this capital ? 

Let a be the capital, the sum touched at the end of the 
fifth year will beaX(H)^9the sum touched for the six re- 
maining months will equal the half of the interest of a(H)' 
during a year ; tha^t is to say, 

aOirXiVXl, 
that is to say, 

«(H?xA. 

We shall then have 

that is to say, 

«X[(H)*+(H)^X^Tr]=^: 






■ .:.'-r v> -- 
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therefore, 

« 1691035+i 

(U)^ + (U)^X,V (U)^+(H)^x^V 

1691035+i 1691035+i 



_161051 161051 , _ 3221020+161051 

iobooo'^'iooooo^'^"" 2000000 

_ (1691035-f 1)2000000 _ 3382071 X 1000000 _ ^^^^ 
3382071 3382071 "" 

dollars the required capital. 

pROiyLEM IV. 

We have pufr to interest ^1000000^ and have touched 
h^^ 1 6 1 05 1 at the end of five y ears. What was the conip<{und 
interest? 

Since we know the first term i000000(a9) the last term 
1610510(«r,) the number of the terms 6(n,} and that 

^ a 



we shall have ^^ ^1610510 ^11 

^ ^ 1000000 10' 

tberefore the interest was a tenth per dollar, or ten per 100. 

Problem V. 

Having placed at interest ^1000000 at ten per cent, we have 
touched ^1691 035|. We demand what time the sum was at 
interest f 

SiiftOe we know the first term 1000000(09) the last term 
1691035|(«,) and the interest which is a tenth per dollar ; the 
quotient q will then be |-|. But the number of the terms 

^ , L§t — La 

Lq 

therefore ^-1, ^(16^1035+i)-LlOOOOOO ^ 21188 
tIiereloren~l+ lu^ZlO ^41^' 

But the sum touched at the end of the fifth year is equal f^' 
that is to say, 161050^ 

26 
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ilMtbri l€3l035-ri— 1610510, 

a«at If to laj, ^05 2o| M the interest of iSlOSlOdamgat^ 

/> of the tixtb jear. B>n this inteml u equal to 

16105]0XyVXp, 

that IS to iay, 161051 Xji; 

tijerefore 161051 X/»=^80635+i ; 

therefore 80525+i _ The iim was tfaerefbRi 

'^ 161051 ^ 

interest 5^ yean* 

I suppose, in the three iUIoiriiig proUems, that the pflp 
lation in France aogments hj a huodiedtfa per year, datife 
saji that a family composed of one handred persons t94g 
will contain a handred and one at the end of one year. IKi 
is not a vague snpposition ; the last lists prove that fte foft 
lation of France, for the last twenty-five years, in ifJtei 
the cruel wars, is considerably augmented. This iocretf 
has two principal causes : the suppression of monasteiia 
and the discovery of vaccination. 

If a long peace reigned in France, if vaccination wer 
generally practised, and finally, if celibacy had ceased k 
rvcr to be placed among the number of the virtues, it is k 
yond a doubt that there would arrive an epoch wbeo Franc 
would no longer be able to nourish its inhabitants *, and thi 
is proved by the three following problems. 

Problem VJ. 

Suppose tliat there are 30000000 of inhabitants in France 
and that the population augments by a hundredth per jeii 
According to these two suppositions, how many inhabhiBl 
will there be in France at the end of a hundred and oc 

Agreeably to the formula t*=^aq*'"^ ; wc shall have" 

iM=30000000X(ifi)'*'». 

( >porating by logarithms, we shall find for the logarithD 
V ; no 2,00432—2.00000. 

HAt is to fav. 0*0043?. 
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and for the log. of ( j^^) ' • % 0,43200, 

which corresponds to the number f ^f f . '' 

Therefore, 

Ar=SOOOOOOO Xi{H=3000p X 2704=81120000. 

Therefore, at the end of a hundred and one years, France 
will contain 811 20000 inhabitants. 

Problem Yll. 

Suppose that in Fiance there are 30000000 of inhabitants, 
that the population augments by a hundredth per year. In 
how many years will (he population amount to 81120000 in- 
habitants? ^ 

According to the formula 

n=l + 



L{l+rY 
we shall have 

_ JL.81120000-L.3 000000 
^-^+ L.101-L.100 

since L.81 1 20000— Ir.3000pOOOs=Q,43200, 
and since £.101->L.l6o=0,00432. 

we shaU have n=l +^^^=1 + 100=101. 

Therefore in a hundr^ and one years the population of 
France will be 81 190000. 

Problem VIII. 

There are 30000000 inhabitants in Ftance ; in what pro- 
portion must the population augment so that there maybe 
81120000 at the end of a hundred and one years 2 

According to the formula, 






a in— 1 



i.8l 120000— L.30000000 ^ , 0,43200 _ ' , 

now the logarithm 0,00432 answers to Uie number Hi ; 
therefore r=— 1+ His=Ti;r- 



^ ■ 1 1 ' ■ 
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The population must therefore augment by a fanndredt 
yearly. 

OF ANNUITIES. 

We call annaities equal sums which are paid each yearti 
extinguish, in a given time, a capital and its compoQDd b 
torest. 

A person has borrowed ^13000 for five years, at the nit 
of ten per cenL ; he would acquit himself in five equal ftf 
ments made at the end of each year. What is the smntU 
he wilKhave to pay at the end of each year ? 

It ii evident that, if there were no reimbarsemenfi, k 
would be indebted 1 2000 X (H) ' at the end of the fifth jm 

But the borrower remits a sum b, at the end of tbebi 
year, without which 6 would have become 6 x (|i)^ ; he re- 
mits b at the end of the second year, without which b wosU 
have become 6 X(tl) ' ; he remits b at the end of the tUri 
year, without which b would have become & X({.^)s ; he re- 
mits b at the end of the fourth year, without which b wodl 
have become 6 X {4, and lastly, he remits b at the end of Ae 
fifth year: therefore 

*X(I})*+6X(n)'+6x(|J) = +6x(U)+6=12000(ii)^ 
But the numbers 

*X(}J)*+6x(H)3+6x(jJ)>+6xH+« 
form a geometrical progression, the sum of which is equal to 

*X(n>^XJA_4 



that is to say 



feX(H)*-6 






therefoit^ ^-^ = 1 2000 X (f i) = 

hut *:iilll!:z*^= -^x[({-i)'-i] 

Jxr(-viv._n 
iherciorc -^^\ =i=lS000X{^ii)^ 
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It will be the same whatever be the sum leot, the interest 
and the number of years. 

Calling a the sum lent, n the number of years, r the in- 
terest, and b the sura which must be remitted at the end of 
each year, we shall have 



qXrX(i+r)" 



from which we deduce : 

"" rX(l+r)» ' •• L(l+r) 

With these three formulae we can resolve all the cases that 
annuities present. 

Let it be proposed, for example, to find what sum we must 
give yearly, to extmguish, in thiee years, a debt of |ji500, the 
interest being at ten per cent. 

Substituting these numbers in the first formula, we shall find 

6=^201 +^Vt* Therefore, ^SOl^Vy, or ^201,057+ is 
the yearly payment. 

If the interest were at 7 per ccgat., we should fiind, 
£ = ^ 1 90,526 — . This last answer being somewhat too great, 
we annex the sign — . 

CONJOINED PROPORTION. 

This rule is thus named, because it serves to find the rela- 
tion of one number to another by means of several propor- 
tions. 

Let a be the pound of Venice, b that of Lyons, c that of 
Rouen, d that of Toulouse, e that of Geneva, and let 

100a= 706 

1206= 100c 

80c=100d; 

100c/= 74c; 

It is required to find the relation of the pound of Venice a 

with the pound of Geneva e« The above equations furnish 

the following proportions : 
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a : fi : : 70 : 100 

& : c : : 100 : ISO 

c : d : : too : 80 

d : e : : 74 : 100 
This 18 evident since tiie products of the eitremes are 
equal to the products of their means. Bat when we have 
several propartions, the product of the first antecedents of 
these proportions is to the product of their first consequents 
as the product of their second antecedents is to the product 
of their second consequents ; therefore 

aXfrXcXd: bXcXdXe, 
diat is to say, 

a:e::70xl00xl00x74: 100x120x80x100: :S59: 
480 ; therefore . 

a : e : 259 : 480, 
therefore 

259^ 

«=480^^'' 
The pound of Venice is therefore equal to ttie two hnn" 
dred and fiftjr-nine foir hundred and cightietba of tbat of Ge- 
neva. 

RULE OF A FALSE POSITION. 

This rule serves to find one or more unknown numbers ac- 
cording to the conditions given. 

Problem L 

To find a number of which the half, the tihird, and the two* 
fifths make 148. 

We could take, to resolve this problem, any number what- 
ever ; but to facilitate the calculation, we choose a number 
which is divisible by 3, by 3, and by 5. The least conunon 
multiple of these three numbers is 30. In all cases, the pro- 
duct of the numbers 2, 3, 5 will necessarily be divisible by 2, 
3, 5. It will be ttie same for any other numbers* 

But the half of 30 is 15, the third 10, and tibe two-fifths 
12; and 15+l0+t2=37. 

Hence we make the following proportion : 

37: 30:: 148:a;=130. 
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See bere the demonstration of this rule : 
Let X be the number sought, we shall have 



30 a? 30 0? 2 ^ ^^ . 2a? 
2 2 3 3 5 5 



therefore 

30 , 30 .2 o^ a? , oj , 2a? 30 x ^-. , .-^^n 
¥+T+5^^^- 2+3+T •• ^ "2 •' 2 ^ •• ^^ • ^-^^^^^ 

But 5+f+?? 

should be equal to 148 ; therefore 

V+V+IX30: 148 : : 30 : fl=120. 
therefore *|*+'f^+tXl*^=148, 

The demonstration would be the same for all analogous 
questions. 

Problem IK 

A person bequeaths his estate to three of his friends ; he 
gives the third of it to the first ; the two-fifths to the se- 
cond ; and the ^32000 which remained to the third. We de- 
mand what was the sum total of the estate of the testator^ 
and the parts of the two first friends. 

Let X be the estate of the testator, and let us choose the 
number 15, which is divisible by 3 and by 5. Taking from 
15 its third and its two-fifths, we shall have 4, and we shall 
make the following proportion : 

4: 15: : 3200 :«>= 120000. 

The parts of the two first friends will be |^40000, and 
^48000, the sum of which ^88000 taken from JS 120000 gives 
^32000 for the third friend^ share. 

The preceding demonstration applies equally to this ques- 
tion. In effect, let x be the estate of the testator, and 
choosing the number 15, we shall have 

15 X 2 ^^^ ^x <e 15 2^.^ 0? 2ac 



r. . 



335 5 35 35 

that is to say, 

15 :a; : : 4 : — : : 4 : 32000; 

15 * 
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therefore 

15 : 5+?f^+S200 : : 4 : 32000, 
3 6 

from whence we deduce 

x= 120000. 

Problem III* 

To divide 7800 into three parts, so that the second mayk 
the double of the first, and that the third may be equal k 
both the others. 

Let us choose a unit for the first. The first being 1, k 
second will be 2, and the third 3 ; let x be the first part,tk 
second will be 2ff, and the third Sx ; we shall then have 

1 : a; : : 2 : 2a; : : 3 : dx. 

Then 6 : 6« : : 1 : ac ; 

But 6a; =7800. 

Therefore 6 : 7800 : : 1 : x=1300 the first part. 

The second part will therefore be 3600, and die flui 
3900. 






RULE OP TWO FALSE POSITIONS. 

This rule is thus called, because that by the aid of two 
numbers taken by chance, and which we call false, we dis- 
cover the number sought. 

We must proceed as follows : 

Let us take a number by chance, and apply this number to 
the proposed question, as if it were the number sought. 

If at the end, this number does not answer to the conditions 
of the question, we must write this number with the error 
which will be in plus or minus. 

We afterward take another number, and we operate in tbe 
same manner ; we write this number under the first with the 
error in plus or minus. 

We multiply the first supposed number by the second er- 
ror ; we afterward multiply the second supposed number by 
the first error, 

TKis done, if the two errors have the same signs, that is to 
^ay, if they both have the sign plus y or the sign mini4Sy we &• 
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vide the difference of the products by the difference of the 
errors. The quotient will be the number sought. 

If the errors have different signs, that ia to say, if the ooe 
be in plus and the other in minus, ive must divide the sum of 
the products by the trom of the errors, and tfie qaolient will 
be the number sought. 

Problem i. 
I person bequeaths ^100 to three persoiis. Thesecond 
lio have double flie part of the first minus $S, and the third 

iple that of the first minus ^15. What must each person 

L»e? 

Let UE suppose, 1. that the part of the first is $15, that of 
fhe second will be 22, and that of the third 30 ; the sum of 

Bse three parts is 67, But this sum should beequal to 100; 
"ftere is then an error of 3S in minus ; by the side of the first 
supposition, 1 write the first error with the sign minui, thuG, 
15—33. '' 

Let us suppose, 3. that the part of the first is ^19, the 1 
part of the second will be 2Q, and that of tlie third will be 
39, the sum of which is 85. But this sum should equal 1 00 ; 
there is therefore an error of IS in minus; by the side of the 
second supposition, I write the second error with the sign 
minus, thus 18 — 15. 

First supposition 1 5—33. 

Second supposition 18 — 15. 

.Thefirst supposition which is 15 siultiplied by the second 
error 15, produces 235 j the second supposition which is IQ 
multiplied by the first error 33, produces 594 : the errors 
having the same signs, 1 divide 3G9, which is the diffetence o( 
the products, by 1 8, which is the difference of tbe errors ; be- 
cause the errors have like signs, the quotient 20+^ will be 
the part of the first, 33 the part of the second, and 464-^ the 
part of the third, and the sum of these parts is equal to 100, 
therefore 20+^ is the number sought. 

Tbe same question with different suppositions. 
First Supposition. Let the part of the first be 30, the part 
of the second will be 52, and the part of the third 75 ; the 
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suin of these parts being IST^the first error will be 57 ia plus; 

I write 30+57. 

Second Supposition* Let the. part of the first be 15, the part 

of the second will be 22, and the part of the third 30 ; the 

sum of these three parts is 67 ; the second error is therefore 

33 in minus : I write 1 5— 33. 

First supposition 30+57. 

Second supposition 15 — 33. 

We shall have 

30x33=990, and 15x57=855. 

The errors having different signs, 1 divide 1845, which is 

the sum of the products, by 90, which is the sum of fte 

errors, and the quotient is 20+| as above. 

■I 

Problem IL 

The sum of the ages of three persons is 148 years; the 
second is four years older than the first, and the age of the 
third is equal to the sum of the ages of the twoOthers* What 
is the age of each ? 

First supposition. Let the age of the first be 20, the age of 
the second will be 24, and the age of the third 44 ; the sum 
of these three ages is 88 ; and the error being GO in minus, 
I write 20—60. 

Second supposition. Let the age of the- first be 24 yean, 
the age of the second will be 28 years, and the age of the 
tHird 52. The sum of these three ages is equal to 104; the 
error being 44 in minus, I write 24—44. 

First supposition 20—60. 
Second supposition 24 — 44« 

We shall have 

20X44=880, and 24X60=1440. 

The errors having the same signs, I divide 560, which is 
the diiference of the products, by 16, which is the difference 
of the errors ; the quotient is 35^ The age of the first is 
therefore 35, that of the second 39, and that of the third 
74 ; and the sum of these three a^ges is equal to 148 year^ 



^^L I'roblcu III. 

^^P'A general, after a baltle, reviews his army; a third has 

^^f eriabed, a fourth has been made prisoner, a iiftb hag fled ; 

I there remain only 13O0O men. What tvaa the number of 

I soldiers before the battle ? 

' First supposition. Let 120000 be the number of the sol- 

Idiers before the battle. We shall have 40000 killed, 30000 
made prisoners, 24000 fled. 
40000+30000+24000 + 1 3000=107000, 
But 107000 should be equal to 120000; the error is then 
13000 in minus. ! write 120000— 13000. 

Second supposition. Let 3G0000 be the nomber of the sol- 
diers ; we shall have 120000 killed, 30000 prisoners. 72000 
' fled. But 120000+90000+72000+13000=295000; the 
error is then 63000 in minus. I write 3B0O00~G5000. 
First supposition 120000—13000. 
Second supposition 360000— G5000. 
t 1 operate as above and 1 find GOOOO sbldiers, which answers 

r - to the cooditionB of the question. 

, Fboblem IV. 

A farmer demanded of another how many sheep he bad ; 

(be other answered, if I had half as many, a fourth, the two- 
' thirds, and 5, in addition to what I now have, I should then 

have 156. How many had he ? 

1. Let 12 be what he had, to which adding its half 6, its 
fburth 3, its two-thirds 8, and 5, 1 iind 34 for tne sum, the dif- 
ference of which with ISO is 1 16, in minus. We then have 
12—116. 

2. Let 24 be the number, to which adding its half 19, its 
fourth 6, its two-thirds 16, and 5 more, 1 find 63 for the sum, 
(he difference with 150 is 87, in mrnus ; we shall then have 

12 — 116 
24—87. 
I divide the difference of (be products 12X87, and 24 X I IC, 
that is to say, the difference of the products 1044 and 2784, 



1 
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wtucb it 1 740, by 29, tbe diOisrence of tbe errors, and 1 i 
"*80 for the qaolient or uuwer. -^ 

Proof.— G0+V + V+iX«>+5=lW>. 

Problem V. 

Al«xaDder and the philosopher Calutheoes reaaoaed togft* 
thcr M(wn their age*, and those of Clitui and Ephestion, botb 
£riefMls of tbe couqaeror- I am two years older than Ephef 
tion, aaid Aiexander ; the age of Clilui is equal to both o 
ages and fbor jears more, the Eiim of oar three ages is I 
Vie demand the age of Alexander, of Clilos, and of Epb« 
lion. 

} Let us m ppo o e, &r«l, that Alezaoder was 28 years, Epfaei 
tion woald be 36, and Chlm 58 ; the sum of tliesc is 1 13 
bat it should be equal to 9C. The error ii then 16 yeata i 
plus. 

26+16. 
Let us suppoeeiSecMidly, that AleuAder was 20 years ol 
Epfaestioo woald be 18, and Clitas 42 ; tbe som of these 
SO ; bat it should be 96. The error is tbeo 16 in miin 
,We ebatt then have 

90— Iti. 



1 divide tbe sum of tbe products ^SXIG, 30:<I6, that 
to Bay, 768, by the sum of tbe error?, which is 33 ; I fiod fi 
Uie quotieut 2i ; which number fulfils the cenditioaa of fb 



SOLE OF CHANGE. 

The cbaoge is the profit that the bankers and negotialo 
make of tbcir money ; that is to say, that they gain aa nHM 
as tfadr money would gaia tbem if it were placed at interai 

Tbe difficulty of transporting money from one pbce 
another, as well on accoaol of its weight as the dangers n 
curred upon the roads, has given riee to tbe egtablbhmeat 
jdacec which are called places of change : we 6i>d aach 
all great cities. By this means, we can transport any sam 
Money that we would; by a letter of change from a bank< 
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or negotiator, in paying Ihc sum that we would send and the 
change of that sum. 

For the same reasons, travellers, particularly nhen they 
go into very distant countries, are very careful to furnish 
themselves with letters of change, for the principal cities - 
which are found in their route. 

Example I. 

A person, going from Paris to Marseilles, requires a banker 

to enable him to touch 3000 francs neat, in this last city. 

We demand how much he should give to the banker for the 

change of 3000 fr., this change being at 3 per cent. 

We shall say 

100 : 3 : : 3000 : a:=90. 
Therefore, in paying 3090 francs, the banker will furnish 
lum with the letter of change which he requires. 

Example II. 
The same person remits 3000 fr. to a banker, the dieconnt 
being always at 3 per 100. How much will he touch ? 

We shall say, if 103 giyes 100, how much will 3000 fr.1 
that is to say, 

103 : 100 : : 3000 : a;=29l2+TA fr- Ans. 



nuLE OF DISCOUNT. 

DiscouDt is a sum to deduct from the amount of a bill or 
note for a given time, the value of which we would have be- 
fore its expiration ; that is, before it becomes due. It is also 
a sum that bankers pay upon the value of a bill, payable in 
a given time, and the interest of which is etipulated at so 
mucb per year, or per month, according to the agreement 
between the borrower and the lender. 

Discount is taken in several ways ; when, for example, for 
the sum of J^IOO lent, a bill is made of £105, payable in a 
year ; the discount is said to be within. But when from the 
sum lent, the bill of nhich should be paid in a year, the 
banker commences by deducting the interest agreed on, wc 
say then that the discount is without. It is evident, that ti 
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this way the banker gains not only the iiUi^rest of the m 
which he lends, but tlso the interest of flie interest. 

Fboblem I. 

To find the discount of the sum of ^800, at 6 per IK 
the discount being within, we shall say 

106 : 6 : : 800 : x:=^45,28if. Ans. 

Problem IL 

To find the discount of ^800, at 6 per 1 00» the diicoii 
being without. 

We shall say, if ^100, interest and principal, give 6yhr 
much will {800 give ? that is to say, 

100 : 6 : : 800 : a;={48. Ana. 

When we would discount a bill before its ezpiratioDyW! 
proceed thus : 

Problem III. 

A person has given a bill of {15640, payable at 365dajs; 
he consents to pay the discount at 6 per 100, with the powa 
of diminishing the discount for the time that he may be lUi 
to pay before the expiration of the bill ; be comes to acqui 
himself at the end of 240 days. We demand virhatbesboQli 
pay. 

We shall say, 365 days are to 240 days as $6 are to x. 

tliat is to say, that the interest at the rate of 6 per 100 fori 
year, is reduced to ^3^1, during 240 days. We shall the 
say 

106 : 10341 : : 16640 : «=^15336,82ct8. rh^ Ans. 

RULE OF ALLIGATION OF THE FIRST KIND. 

This rule serves to make known the price or the wei§l 
of several merchandises or metals mixed together ; thepric 
or the weight is called the mean price or weight. 

Peoblem^ 

A wine merchant has mixed together wines of differei 
prices, viz. 15 gallons of wine at ISis,, 96 at 15^*, and 146 

■\)s, erf. 
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The price of tb« mixture of these difierent nines is 3399s. 
and the number of gallons is 3£7. 

Dividing 3293ff. by 257 gallons, we shall find 12s. lOj'jV^., 
'which will be the price of a gallon of this mixture. 

§RULE OP ALLIGATION OP THE SECOND BIND. 

PROBLEU t. 
A merchant has wine at 31s., at 22s., at 20s., and at 3Q«. 
per gallon ; he would make a misturo worth 25s. per gallon. 
How much of each kind must he take ? 

30s ■ ' ■ - 2 gallons. 
29 - - - - 4 



H^ 31 . ■ - - 4 

Sum 15 gallons. 
1 write the different prices of the gallon of wine undtir 
each other in the orderof their value, the highest price being 
the first, i compare, first, the highest price 30^. with the 
mean price 25s., and 1 write the difference 5 opposite to 23, 
which is the first price inferiour to 25. 

1 compare, secondly, the second price 29, superiour to 25, 
with 35, and i write the difference 4 opposite to 31, which is 
the lowest price. 

Afterward, ascending, 1 compare, thirdly, the lowest price 
31 with 25 ; and I write the differeoce 4 opposite 29, which 
Hb tt^e second price superiour lo 25. 

^fh, I compare, 4thly, the first price 33, which is inferiour to 
^H^yith 35, and 1 write the difference 3 opposite the highest 
^Brice ; this done, I add the differences 3, 4, 5, 4 ; their sum 
^^ires 15 gallons. 

* Therefore, to have a mixture the price of which should be 
35s. , we must take 2 gallons at 30s., 4 at 395., 5 at 33s,, and 
4at 2Is. 

In effect, 2 gallons at 3bs. give COs., 4 at 39y. give 1 I6s., 
Sat 23s. give llx'Ss., and 4 at 31s. give 81s. 
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I ftdd the oomben 60, 116, 115, and M, aod 1 divide the 
Bum 375 by 15, wbicb is the nanber oi-pMooB of the nix- 
tme. I find 25 for the qootieiit ; bat 15 gaUons at 2bs. nike 
375s., that is to 8>y 6QrM 116f., 115f«, and 84t. ; ibenim 
25s* is the price of a gallon of the mixtare. 

Suppose at present ttiat we woold fill a baird which coo- 
tains 35 gallons with wine, we would know how much' wine 
we must take at 30«., at 29v., at^t., and at 21s. 

If to make a mixture of 1 5 gallons of wine, we must (ake 
2 gallons at 309., bow man j must we take to make a mixtm 
of 35 gallons, that is to gaj, 

gal. gal. gal. 

. 15 : 2 : : 35 

.15 : 4 : : 35 

15 : 5 : : 35 

15 : 4 : : 35 



4+^ 



3 

11+1 
9+i 



Sum 
We should prove as above. 



35 gallons. 



Problem II* 

We have wheat at 30«» per bushel, 
Rye at - 24s. 

Barley at - 20;. 

We would make a mixture of these three sorts of grain, 
so that the price of a bushel of this mixture may be 22s* 

Place in the order of their value the different prices of 
these kinds of grain under each other, the highest price being 
the first, and write on the right the price of the mixture. 

Wheat 30s. 2 

Rye 24^. 225. 2 

Barley 20*. 8+2 



Sum 14 bushels. 

i compare, Isi^the highest price 30 with the price of the 
mixture 22, and I write the difference 8 opposite the least 
price 20. 

I compare, 2dly, the second price 24, which is greater than 
22, and I again write the difference opposite 20 and by the 
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. If th^re were still a price less than S3, birt greater 
, we should place this difference opposite that price, 
hich, I compare the least price 20 with 22, and 
he difference 2 opposite the two first prices 30 and 
;h are both greater than 23. ' This done, I add the 
:es 2, 2, 8, 2 ; their sum is 14. 
^fore, to have a mixture the price of which shall be 
must take two bushels at 30^., two bushels at 24^., 
bushels at 20^. 

icU two bushels at 30^. give 60^., two bushels at 24^. 
., and ten bushels at 20^. give 2009. I add the num* 
48, and 200^ and 1 divide the sum 3085. by 14, which 
mbcr of the bushels in the mixture. I find 1^2; • for 
lent ; but 1 4 bushels at 225* make 308^., that is to 
+48^*+200f. ; therefore 22;. is the price of a bushel 
lixture. 

tse at present, that we would have a mixtue of 100 
To know how many we must take of wheal, rye, 
ey, we shall say : ' . 

nake a mixture of 14 bushels, we take 2 bushels of 
ow many of wheat must we take for a mixture of 
lels, that is to say, 

bush* bush* bush* 

14 : 2 : : 100 : a?=14+f 
I have 14 : 2 : : 100 : y=14+f 

14 : 10 : : 100 : 2:=71+| 



Sum 100 bushels, 
lould prove this as above* 

OF BARTER. 

we make the exchange of one merchandise for 
it is by the gain or interest of the moneys that we 
3 value of the merchandises, the gain or the loss. 

Example I. 

nerchants would make an exchange of merchandise ; 

has spices which are only worth O;* per lb: ready 

but in excliange he would have 10;. per lb. The 

27 
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other merchant has wax which is worth 13«. perlb. 
mooej. He would know how he ahoald aell it so as Doti 
lose. 

We shall say, if 9f. readj monej be worth IDs. is 
change, how much is 135. ready monej worth in ex€hiifi| 
That is to say, 

9j?. : 10*. : : 12i. : x = l34-i Ans. 

EXAMPLB II* 

Two merchants would make an exchange.of mercfasDik| 
the one has serge, which is worth 5Gcts. per yard readji 
ney, and in exchange, he would have GOcts. per jarl,! 
would also have the third in ready money. The other 
chant has wool which is worth ^Octs. per lb. ready 
He would know how he must sell it so as not to lose ? 

I take the third of 60 which i^r 20, 1 take 20 from 56 
from 60; there will remain 36 of the first and 40of thei 
cond ; and we shall 8ay,.if 36 cts. ready money are worths 
cts. in exchange, how much are 20 eta. ready mone; 
that is to say, 

CtSm CtSm cis* 

36 : 40 : : 20 : a;=22| Ans. 

Example HI. 

Two merchants would exchange merchandise. The 
has tin worth 8 cts. per lb. ready money, and in exchange k 
would have 10 cts. per lb. ; the other merchant has bna 
which is worth 26 cts. ready money, and in exchange, Ik 
would have 30 cts. per lb. We would know which of ih 
two gains ? 

We shall say, if 8 cts. ready money are worth 10 cts. is 
exchange, how much are 26 cts. ready money worth io et 
change ? that is to say, 

cts. cts, cts. cts, 
8 : 10: : 26 : a;=32+i. 

Therefore the brass merchant loses 2+^ cts, per lb., « 
the other gains them. 

But if the brass merchant would have the third in read 
money, which of the two gains ? 



K' 



1 subtract the third of 30 which is ]0, from 2C and from .10, 
there remains IC of tlic tirst and 30 of the secaud, and we 

IC : 20 : :2e :a:=32+^. 
' Therefore there ia no loss sustained by cither. 

OF DUODECIMALS. 
This rule is used in measuring cord-wi>od, artificers' work, 
.etc. The foot is the principal measure, and is divided as fol- 
I ' lows : 

1. footj^it, is equal to 1 2 inches or.primes, marked thus ' ^^^ 

,, I inch - 12 parts or seconds, - " (yV)' 

I second - 12 thirds . - . '" {^'g)^ 

'. I third - 12 fourths - - - "" (ts)' 

(i etc. 

Hei^e we sec that the inch or prime is the j\ ofsfoot ; the 

I -second is y'j of yVi "'" 'he j| j of a foot ; the third is the r'j 

of /Jj or the y^'jj, etc. These parte, from their regular 

ratio of 12, have obtained tlie name of duodecimals, which 

name is derived from the latin word duodectm, signifying IS. 

OF THE MULTIPLICATION OF DUODECIMALS. 

From the nature of fractions, we shall easily perceive what 
parts will be produced in multiplying together any of the 
above denominations. For example, if we multiply by feet, 
as these are whole numbers havinga unit for their denomina- 
tor, it is evident that the denominafor of the part multiplied 
will not be altered : thus 3 feet multiplied by 2 feet will give 
6 feet, that is to say, fx^=f = 6 feet; 3 inches multiplied 
by 2 feet, that is to say, Y'iX|=T''i, or 6 inches; again 3 
seconds multiplied by 3 feet, or 711X1=7^4, or 6 seconds, 
etc. "■ 

If we multiply by inches, as the denominator of these is 1 2, 
the denominator of the part multiplied will become the same 
as that of tlie nent lower denomination : thus 3 feet multiplied 
by 2 inches will give 6 inches, that is to say, ^ X ti=tV> ^^^ 
inches; 3 inches multiplied by 2 inches, that is to say, ^^x 
j'j^T^^, or 6 seconds; 3 seconds multiplied by 2 inches, or 
?ST^fi~Ti5¥' •"" G thirds, elc. From what has been said. 
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the products of any other parts will be easily estimatea i| 
one who has learned fractioos. 

Also, as the second is the square of the prinne, the thirltk 
cube, etc. considering the feet as having O for their ioda,! 
inches 1, the seconds 2, the thirds 3, etc. when we m^, 
these together, the parts produced will have for their iota 
the sum of the indices of the parts multiplied ; thus tbeini! 
of the prime is 1 , that of the second is 2, the sum of tbeei 
3. which is the index of the parts produced when wtmii 
ply inches by seconds. It is the same for any other paid. 

Example. 
I^t it be required to multiply 7 feet 3 inches 4 secoDds,if 
^ feet 4 inches. 1 write the numbers thus : 



7 


3' 


4" 


2* 


4' 




14 


6' 


8" ' 


2 


5' 


1" 4"' 



16 11' 9' 4" 
and I first multiply all the parts of the multiplicand by the) 
feet of the multiplier. Beginning with the lowest deDomiiB- 
tion, which is here seconds, 1 say 2« X4''=8", which I plao 
under seconds ; then 2*> X 3'=6', which I write under incho 
lastly, 2« X7« = 14« feet, which 1 write under feet. 

Agaip, to multiplyby 4', I say 4X4"= 16"', and as thes 
are equal to 1 "+4"', 1 write 4" one place farther to therigb 
and retain the I" to add it to the next product ; then 4'X 
= 12", and adding the 1" which I retain, I have 13"; the 
are equal to V+V\ wherefore 1 write the 1" under S",*! 
retain the 1' to add it to the next product ; lastly, 4' X7^=21 
and adding the T 1 have 29'; these are equal to 2 feet 5'; 
therefore write 5' undet the primes or inches, and the t? 
feet under feet. Adding the two products, I have 16 feet, 
primes, seconds, 4 thirds for the total product. 
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Multiply the length taken in feet, inches, or any other mea- 
sure by the breadth, taken in the same measure, and the 
product will be the number of square feet, square inches, or 
whatever measure you employed, contained in the ligure. 

The reason of this will be seen from the followiug figure. 
- A C B 



M M i 

c 



The length of whidi, A B taken in feet, inches, or »ny 
other measure, we shall suppose^ be G, and the breadth A C 
taken in the same measure to be 3. Now supposing this 
measure to be a fool, it is evident that for every foot in 
breadth we shall have G square feet, there will then be 3 
times 6 square feet, or i 8 square feet, in the figure A B C D, 
and it is the same for any other measure. 
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1. Quantity is eveiy thing vrhich is susceptible of increase and of diminu* ' 
tion, number 1. 

2. Arithmetic is the science of numbers, number 9. 

3. The unit is the term of comparison for all quantities of the same kind, 
number 4. 

4. The number shows how many units or parts of a unit & quantity con- 
tains, number 5. 

5. An abstract number is that which is not applied to any determined spe- 
cies, number 6. 

6. A concrete number is always applied to some kind of thing, number 6. 

7. Numeration is the art of expressing and representing numbers, number 7. 

8. This numeration is founded upon this principle of convention, that if 
several figures be ranged upon the same line, the units represented by each of 
these figures are. worth ten times as much as those of the next ifgure on thg 
right, and consequently only one-tenth of those of the next ^gure on the kft, 
number 15. * 

9. Simple numbers only relate to one species of unit, number 18. 

10. Compound numbers express quantities the parts of which are coinpared 
to different units, number 18. ; 

11. Decimals are parts which'^decrease from the units* in a tenfold propor- 
tion ; we express them by figures placed on the right of the units, and sepa- 
rated from them by a comma, number 21. 

* 12. A number becomes ten times greater or less as the comma is removed 
one place towards the right or left, number 28. 

13. Addition is an o]^eration by which we express, by a single number, the 
total value of several nvmbert of the same kind, number 33. 

• 14. Subtraction i^.an operation by which we find the remainder, the excess, 
or the difference of two numbei's eC the same kind, number 35. 

15. Multiplication is an operation by which we repeat a number as mtHif, 
times as there are units in another, number 40. 

16. The number that we repeat is called mutttp^Konit; that which indicates 
bow iikny times we repeat it is calledimttfttplifr ; and the result of the multi- 
|4icaUon is called jmnfticf, number 41. 

17. We call (he onmberB which we multiply together /oeforr^ number: 42, 
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BfuUiplicfttitD if ft reiterated addition ^ the nmltiplieftdt •• maiqr Uii£^ 
there are units in the multiplier, numbeit 43. • 

18. The product ii always of the lame nature af the mnltiplieand, nuBiber47. 

19. In the multiplication of decimal parts, the product ought to hate u 
■any decimal figures as there are in hoth the factors, number 54. 

20. Dif ision is an operation by which we seek how many times ft number ii 
contained in another, number 59. 

21. The number that we divide is called dhndmd; that by which we difide 
Utitor; and that which we find quotient^ number 59. 

. 22. The dividend i.* always equal to the product of a multipUcation of 
* which the divisor and the quotient would be factors, number 59. 

23. The nature of the units of the quotient cannot, in general, he deter- 
mined but by the conditions of the question which gives rise to tiie division, 
number 59. 

24. The division of decimal parts is reduced to that of whole nnmben, it 
observing to render the number of decimal figures the same in the divideni 
and divisor, number 68. 

25. When the unit is divided into any number of eqo&l pftrts, we call one 
one or more of these parta fraetionf number 78. 

26. A fraction is expressed by two numbers, one of which shows into how 
many parts the unit is divided : it is called dewmdmUr; the other show* how 
many of these parts enter into the value of the fraction ; we caD it mansrilsr, 
number 80. 

27. The numerator and the denominator are called the two terma of Uie fr§€' 
lion, number 83. 

28. A fractional expression, of which the numerator b greater flian tbe 
denominator, is greater than a unit, number 84. 

29. When a fractional expression is greater than a unit, we find its value hi 
dividias; the numerator by. the denominator, number 85. 

30. We reduce a whole number to a firaction of a determined kind in multi- 
plying it by the denominator of this Araction, number 86. 

St. We do not alter the value of a fraction when we multiply or divide itf 
two terms by the same number, numbeiv 88 and 89. 

32. By this principle we explain the reduction of several fractions to the 
same denominator, and the reduction of fractions to their most simple expres- 
sion, numbers 90 and 91. 

33. A prime number is that which has no other divisor than unity or itself, 
number 93. 

34. A fraction may be considered as the quotient of a division of which the 
numerator would be the dividend, and the denominator would be tiw divisor, 
number 96. • - 

35. To add fractions together, and to subtract ^he one from the odier, they 
must first be reduced to the same denominator, ^fter which 'we add or subtract 
their numerators, and give to the sum or the difierence the common denomi- 
Mior, numbers 101 and 102. 

36. To multiply a fraction by another flraction, we must multiply numerator 
bj numerator, and denominator by denominator, number 106. ^ 

37. To divide a fraction by another, we must multiply it by the divisor' frae- 
rien inverted, number 109. 
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3d. To esUmatdl fraction is to leek the ralue of it in the lower orders of 
(he principal unit of which it makes a part, number 112. 

39. A fraction of a fraction, or compound fraction, is equal to the product, 
of all the fractions which enter into its expression, number 114. 

40. The addition and the subtraction of compound numbers do not differ 
from those of simple numbers except by the different subdivisions of the unit, 
numbers 117 and 118. 

41. A number is an aliquot part of another, or is a measure of that other 
when it is exactly contained in it, number 180. 

42. In the niultipljcation of compound numbers, we consider the lower or* 
ders as fractions, with regard to each other, as well as to the principal unit, 
number 131. 

43. In the division of compound numbers, we must always render the divisor^ 
simple, number 124 and fU, 

The square of fit number is the pioduct of this number multiplied by it«elf, * 
number 139. 

44. The root of a square is the number which, multiplied by itself, has pro^ ' 
duced the square, number 130. 

45. When a number is not a perfect square, its root is called surd, irratwnaif 
or incommmsurable, number 132. 

4G, The square of a number composed of tens and units contains the sqmre 
•/, the tens, twice the product of the tens hy the units, and th^ square cf the xmiis, 
number 133. 
^ 47. Upon this principle is founded the extraction of the square root of a 
number composed of more than two figures, number 135 andfol, 

48. To approach to the square root of a number which is n<H a perfect 
square, we place on the right of this number twice as many ciphers as we 
wouU have decimals in the root, number 140. 

49. To extract the square root of a fraction^ we extract the root of the nu- 
merator and that of tlie denoininator,. if the two terms of the fraction be per- 
fect sqiihres j if not, we redvu^ the fraction to decimals of an even number of 
deciniid figures, and afterward^ extract the root, nufaiber 142 andfol, 

•50. The cube of a^numbe/is the product ofrthis number, multiplied by itt 
square, number tiO. ' * 

51. The cube rofbt of a cube is the number which, multiplied by its square, 
produces this cube, number 151. 

" 52. The cube of a number eomposed of tens and of units^cdntains the cube 
of the tens, three times the square of the tens multiplied by the units, three 
time^ the tens multiplied by the square of < the units, and the cube of the 
units, number 154. 

53. Upon this prl^j^is foiinded the extraction of the cube root of a num- 
ber composed of more flian three figures, number 155. 

54. We ^approach to the cube root of a number which is not a perfect cube, 
in placing on the right of this number three times as many ciphers as we would 
have decimals in the root,' number 156. ^ 

55. To extract the cube root of a fraction, we extract the cube root of th^ 
numerator, and that of the denominator, number 157 andfoL 

56. The ratio or relation is the result of the comparison of two quantities, 
number 162. 
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57. The vithnietietl nUio contisto in^ dUTerence ^ the twoipitiitt 
compared, number 163. 

68. The geometrieal ntiocontbts in the number of times that oiieqai4| 
contains another, number 164. 

59i An arithmetical raUo is not charted wben we edd to each of b 
terms or when we rabtract from each of them the same qomntity, Bnober 

60. A geometrical ratio is not changed %vhen we multiply or wben i« 
its two terms by tiie same number, number 170. 

61. Four quantities are in profiortioo when the ratio of tbe two Miscf^ 
to the ratio of the two last. The proportion is erithmetieal or geoncdii^ 
according to the nature of the ratios which compose it, number 172. 

b*9. The continued proportion u that of which the mean terms an eqdli: 
"one another, number 174. 

63. In CTcry arithmetical proportion, the sum of the extremes ise^t? 
the sum of the means, number 176. 

64. In a continued arithmetical proportion, the sum of the extieieii 
doubie of the mean term, number 177. 

65. In a geometrical proportion, the product of the extremes is e^ to 
the product of the means, number 178. 

66. And if the proportion be continued, the product of the eitraw i 
equal to the square of the mean term, number 178. 

67. The fourth term of a geometrical proportion is equal to tiie product i{ 
the second and third terms, divided by the first, number 179. 

68. If four quantities be such that the product of the extremes is v^^ 
the product of the means, these four quantities are in proportion, number 18(1 

69. If four quantities be in proportion, they wSI still be in proportion if « 
pot the extremes in the place of the means, and the means in the place of tk 
extremes ; or if we change the places of the extremes, or those of tbe ineaic 
numbers ISI and 1S2. 

70. We can multiply or divide by the same number the two antecedents « 
the two consequents without disturbing thn proportion, number 183. 

71. Ever)- chans;e made in a proportion, so thiat the sum of the anteeede 
and tbe consequent, or their diference, may be compared to the antecedent < 
to the consequent in the same manner in each ratio, will always form a pr 
portion, number 184. 

72. The sum or the difference of the antecedents of a proportion is to ti 
sum or the difference of the consequents as one antecedent is to its com 
queat, number 185. 

73. In a series of several equal ratios, the sum of the antecedents is totl 
of the consequents as one antecedent is to its consequent, number 186. 

74. The compound ratio results from two or more latioi^ of which we m 
tiply the aateeedents together, and the consequents together, number 1S7. 

75. The ratio is double, triple, quadruple, etc. when it is composed of tv 
three, four, etc. equal ratios, number 189. 

w 76. The products of two or more proportions multiplied in order, that 
tvm by term, are in proportion, number 190. 

77. The squares, the cubes, and in general the similar poivers of f< 
■^uanUtles in proportion, arc also in proportion, number 1 91 . 
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. 7S. The aquare roots, cube rool«, He. of foHr quttnlitifls in proporliun, are 
■laD in proporlion, number 192. 

„ 7B. The Kulc of Tlirce has Tor ila object to find a lerm of a geometrical 
firoporlion, ibe three olhers being given, number 194. 

80. A rule of thi<e ia simple when i[> decloiBtion only eontuina four lerma, 
•r nfaicb three are veo and one ia to Gnil, number 194. 

81. A rule of th £e ia direct when the principal qunntilica are direcll; pra- 
porlional lo (heir relatives, number 194. 

63. A rule of three ia iiiverae when the principal quantities are reciprocdilly 
■• proportional lo their reialivea, number 195. 

53, A rule of three ia compound nhen its declarstion contains mare than 
' three known («rma ; we reduce it to a proporlion the ratios of whicb arc com- 
> pound, number 196. 

54, The rule ot fellowahip has for its abject lo divide a number into several 
' porta which have given ratios, number 197. 

The arithmetical progression is a series of lerma which have the lame dif- 
ference, number 904. 

85. Anj term of an increasing arithmetical progression is eomposed of the 
first, plui as many times the ratio or difference as there are terms before it, num- 
ber 206. 

86. A geometrical progression is a scries of terms of which each containi^ 
tlie following, or is contained in itiho same number of times, number 211. 

S7. Any term of an increasing geometrical progresaion it> compoaed of the 
Brst multiplied as many timea successively by ihc ratio as there are terms he- 
Tore it, number SIS. 

8S. Logarithms are numbers in arithmetical progression, which answer, 
term for term, to a like series of numbers in geometrical progression, num- 
ber 210. 

99. In the construction of the logarithms which are at present in use, the 
arithmetical progression II, 1, 2, 3, etc. ia made to correspond with the decuple 
geometrical progression 1, 10, 100, 1000, etc., number 219. 

90. The indei of the logarithm of a number shows in what decade Ibis 
number is comprised, number 322. 

91. Tbe sum of the logarithms of two numbers is equal to the logarithm of 
tlteir product, number 8ST. 

93. The logarithm of any power of a number is equal to the logarithm of 
tliat number, multiplied by the index of the power, number 328. 

93. The li^ritbm of the root of a, number is equal to the logarithm of Ihii 
number, divided by the index or degree of Ibe root, number 330. 

94. The logarithm of a whole number joined to a fraction is found in re- 
ducing Ibe whole to a fraction, and subtracting tbe logarithm of the denomina- 
tor {torn that of the numerator, number %3*- 

95. The logarithm of a fraction is the difference of the logarithms of the 
numerator and dennminator, preceded by a sign which shows that Ibis dif- 
ference ia a number which remains yet to be subtracted ; so that the loga- 
rithma of fractions should be employed according to rules the reverse of tlMM 
prescribed lor the logariihms of whole numbers in performing multiplication 
snd dhiaion, numbers 935 and 236. 

SO 
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9C. The arithmetical complement of a number is the difference betweeoc 
iiomber and a unit followed by a« many ciphers ais tiiere are figures ial 
number, number 24G. 

117. By the use of the arithmetical complements, we change the 
to additions, and we reduce the logarithms of fractions to the same nlei] 
those which we follow for the logarithms of whole numbers, number 24(1 
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ERRATA. 

I'a^e lb, last paragraph but one, for rules read rule. 

Page 37, Example 12, for 819 read 8,19. 

Page 59, first paragraph, for a given iiumber read thegii 
number ; and Example 6, for 739-i-2956, or 739, etc. read 
739^-2956, or aV/a? ^tc. This error is not found in most of 
the copies. 

Page 80, last line, for 9i read 9|. 

Page 81,for l^?^,read 2^^><^><^ 
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